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Motivation
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Corner-based discretizations are more
accurate than cell based discretizations

Provides test bed for corner based
discretizations

Open new possiblilities to perform AMR
Framework flexibility



Example Elements
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One Element per Cell

Corner Elements

— Assoclate unknowns for
each corner of the cell

Other kinds of elements
are possible.
— unknowns per cell edge




TAXI| Data Structures

Parasol

Spatial domain decomposed into Cells
— Cells are stored in a grid
— Cell contains Elements

Elements are the base spatial data
structure

Cell Cell

Cell  Fo---- Gefﬂ _________




Grid Overview
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Grid stored in a graph data structure
Vertices correspond to cells

Edges correspond to cells that
communicate

Grid

— templated on
cell type (Rectangular, Polyhedral, ...)
element type (WholeCell, Corner, ...)
Edge type (2D, 3D,...)

— contains methods to

Store outgoing-surface intensities into
graph edges
Read incoming-surface intensities from
graph edges

®  Graph Vertex
Graph Edge

] cel



Grid Overview
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Base grid class templated with the type of cell
and the type of edge
ArbitraryPGrid<CellType, ElementType, EdgeType >

Specific grids inherit from ArbitraryPGrid

LogicallyRectangularGrid
LogicallyHexahedralGrid

Example:
Template <class CellType, class ElementType>
Class LogicallyRectangularGrid :
public ArbitraryPGrid<CellType, ElementType, 2D_Edge>



Cell Overview
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Base Cell class

— Encapsulate domain specific attributes

— list of isotopes and their number densities
— list of elements

The “element” concept gives us great generality
and flexibility.

There is one element for each “fundamental”
spatial unknown. For example:

— simple methods with one unknown per cell use
the “whole-cell” element

— methods with one unknown per vertex per cell
use the “corner” element



Cell(2)

Cell

— BaseCell — interface that all the
cells have to implement.

— Geometry : face normals, corners,
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face centers. Geometry BaseCell
Example: T —
— class RectangularCell: public Rectangle, Cell

public

BaseCellwElement<WholeCellElement>
— class PolyhedralCell: public Polyhedra,

public

BaseCellwElement<CornerElement>



Element Overview
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Elements contain:
— volumetric sources (scattering and total)

— the solution

angular moments for generating the scattering
source

the angular intensities in a time-dependent
problem
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Implementation

Add the new code as modules
Minimal modifications to the code base
Reuse existing classes
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- TAXI modules

Spatial Discretization Method:
XY_Wt_Diamond_Difference

Wt_Diamond_Difference

WholeCellElement

CornerElement

Flag for Spatial

Discretization

CellCreator:
RectangularCellCreator
HexahedralCellCreator

HexahedralCellCornerCreator

CornerBalance
Cells: Edges: Grid: Inputs:
RectangularCell 2D _Edge ArbitraryPGrid
PolyhedralCell 3D_Edge LogicallyRectangularGrid
LogicallyHexahedralGrid Etge | TEiste
Elements: \




New corner based methods
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Spatial Discretization Method:
XY_Wt_Diamond_Difference
Wt_Diamond_Difference
CornerBalance
NewCornerBasedMethod
|
I I I I
Cells: Edges: Grid: Inputs:
RectangularCell 2D Edge ArbitraryPGrid New Flag
PolyhedralCell 3D_Edge LogicallyRectangularGrid
LogicallyHexahedralGrid
Elements: \
WholeCellElement CellCreator:
CornerElement RectangularCellCreator
HexahedralCellCreator
HexahedralCellCornerCreator




Tetrahedral Meshes
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Spatial Discretization Method:
XY_Wt_Diamond_Difference

Wt_Diamond_Difference

CornerBalance

Cells:
RectangularCell
PolyhedralCell
TetrahedralCell

Edges:
2D Edge
3D_Edge

Grid:
ArbitraryPGrid

Inputs:
New Flag/Info

Elements:
WholeCellElement

CornerElement

CellCreator:

TetrahedralCellCreator




PolyhedralCell

PolyHedralEdge
int corner_south; Geometry BaseCell
int corner_north; T T

int face_east; |
Cell

int face_west;

Vector3D
A ne,A sw,B_ston;//normals

T

Polihedra 4 /
/
L

BaseCellwElement
vector<poly edge> edges;

vector<int> vertices; <CornerElement>

A

/I the vertices are indices in a
pArray of vertices coordinates

vector<Vector3D> face_centers; 4

vector<Vector3D> face normals;

|

| Face East Face West

PolyhedralCell



Cell and Edge Interaction
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Cell and Edge Interaction
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Cell and Edge Interaction
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\ 4

GraphEdge

Contiguous_vector<double> psi_face;
/legs*ags*nElements

vector<int> incoming_map;

set/get_psi_face()

set_outgoing/set_incoming(corner_id,vertex_id)



Corner-based discretizations can
now be added easily.
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Finite Element methods
— Tri-LD

— BLD

— PWLD

— Wachspress

Characteristic methods with linear and piecewise
linear sources

Corner-Balance methods

Any other spatial discretization with unknowns at
corners



Methods for arbitrary polyhedral grids are of

Interest in computational transport.
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A cell in an arbitrary polyhedral mesh can be any volume with

straight edges. Each cell can have a different number of faces and
a different shape from all other cells.

Methods that will work on these types of grids usually have
unknowns in “corners” and/or “sides” of a cell

— Upstream corner balance methods
— Finite Elements with piecewise linear basis function

/I




We can also develop AMR
methods
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We are interested in using FEM for AMR

The new corner based infrastructure allows us to
keep track of unknowns along the boundary of cells.
It is possible to view the adaptively refined mesh in
terms of a polygonal or polyhedral mesh.

e
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We test the new Infrastructure
using a corner-based FVM.
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We test the infrastructure using a simple method and
brick grids

To derive the method, integrate the transport equation
over a corner of a cell

mﬂy+hﬂy +le/ +sy dv = SdVv
ix Ty 11z

n(J/out_yin,x)D)Dz-l_h(y outy iny)D)DZX)( oulV im)D D‘ﬂ/ —D)DXDZ:—SD)Dj

Let  VouZV and \,,.=DxD/D

cormer

\éorner + myin, nyDZ+hy iny DXDZ ;‘(y in z DXD
myDz +hxx XXy €V,

Y out =



We compare the new method
with known solutions.
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The finite volume method is equivalent to step differencing
solved on a mesh twice as refined. The code currently has a
working step differencing method to compare the corner method
against.

Step differencing:

m Yoout =Y inx h YouV iny Xy out Y inz 5)7 :§
Dx Dy Dz

Make the step approximation in the cell, Y out =V , and multiply
by V.. =DxDyDx to getthe same solution as the finite
volume method if the cell is the same size as a corner.

§\{:ell t mJ/in,nyDZ-l-hy in,y DXDZ Xy in,z DXD

myDz + XX X 6 Y,

yOUt:



We get the exact solution for a
one cell problem.

We ran a one-cell problem with a uniform source and absorption.
We get agreement between the two methods and a MATLAB
calculation. The meshes shown in the plots represent cell and
corner centers for the respective methods.

step differencing corner finite volume



The methods agree in a purely
absorbing problem.
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We ran a multi-cell, uniform source, purely absorbing
problem to test communication between cells.

step differencing corner finite volume



The methods agree for scattering
problems

“Parasol

We ran a multi-cell problem with scattering, c=0.5, to
test the scattering source. Both methods agree.

step differencing corner finite volume



We can add more accurate methods now that

the infrastructure Is tested.

“Parasol

We are especially interested in testing

methods that work on arbitrary polyhedral
meshes

These methods include UCB and PWLD In
3D

We must incorporate matrix solvers for
PWLD



We are ready to run on truly
arbitrary grids.
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It iIs simple and straight-forward to write
a tetrahedral cell corner creator that will
allow us to run with tetrahedral meshes.

We can generate these meshes using
netgen (or get them from elsewhere).

We simply need to write the tetrahedral
cell creator and learn to read netgen (or
other) files.



We will soon implement our 2D
corner-based Infrastructure.
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We want to use this methodology to
extend our 2D spatial discretization
capabillities.

One goal Is to us the corner-based

Infrastructure to develop 2D, finite
element AMR capabillities.



Conclusions

“Parasol

New functionality has been added
extending the current infrastructure and
not replacing existing modules.

Generic approach : test bed for new
corner based spatial discretizations.



