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Abstract

In this paperwe give a new run±timetechniquefor ®ndingan
optimalparallelexecutionschedulefor apartiallyparallelloop,i.e.,
a loopwhoseparallelizationrequiressynchronizationto ensurethat
the iterationsareexecutedin thecorrectorder. Given the original
loop,thecompilergeneratesinspectorcodethatperformsrun±time
preprocessingof theloop's accesspattern,andschedulercodethat
schedules(andexecutes)the loop iterations.Theinspectoris fully
parallel,usesno synchronization,andcanbe appliedto any loop.
In addition, it can implementat run±timethe two most effective
transformationsfor increasingtheamountof parallelismin a loop:
array privatization and reductionparallelization (element±wise).
Wealsodescribeanew schemefor constructinganoptimalparallel
executionschedulefor theiterationsof theloop.

1 Intr oduction

To achievea high level of performancefor aparticularprogram
on today'ssupercomputers,softwaredevelopersareoftenforcedto
tediouslyhand-codeoptimizationstailored to a speci®cmachine.
Suchhand-codingis dif®cult,error-prone,and often not portable
to different machines. Restructuring,or parallelizing,compilers
addresstheseproblemsby detectingandexploiting parallelismin
sequentialprogramswritten in conventionallanguages.Although
compilertechniquesfor theautomaticdetectionof parallelismhave
beenstudiedextensively over thelasttwo decades[22, 32], current
parallelizingcompilerscannotextract a signi®cantfraction of the
availableparallelismin a loop if it hasa complex and/orstatically
insuf®cientlyde®nedaccesspattern.Thisis anextremelyimportant
issuebecausea largeclassof complex simulationsusedin industry
todayhave irregular domainsand/ordynamicallychanginginter-
actions. ExamplesincludeSPICEfor circuit simulation,DYNA±
3D andPRONTO±3Dfor structuralmechanicsmodeling,GAUS-
SIAN andDMOL for quantummechanicalsimulationof molecules,
CHARMM andDISCOVER for moleculardynamicssimulationof
organicsystems,andFIDAP for modelingcomplex ¯uid ¯o ws [8].
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Thus,sincetheavailableparallelismin thesestypesof applica-
tionscannotbedeterminedstaticallyby presentparallelizingcom-
pilers [6, 8], compile-timeanalysismustbecomplementedby new
methodscapableof automaticallyextractingparallelismatrun±time.
Run±timetechniquesareneededbecausetheaccesspatternof some
programscannotbestaticallydetermined,eitherbecauseof limita-
tionsof currentanalysisalgorithmsor becausetheaccesspatternis
input datadependent.For example,mostdependenceanalysisal-
gorithmsconservatively assumedependenceswhenpresentedwith
non±linearor subscriptedsubscriptexpressions.

Duringthepastfew years,techniqueshavebeendevelopedfor the
run±timeanalysisandschedulingof loops[5,9,13,17,20,23,25,26,
27, 28, 29, 30, 33, 34]. Themajorityof thisworkhasconcentratedon
developingrun±timemethodsfor constructingexecutionschedules
for partiallyparallelloops,i.e., loopswhoseparallelizationrequires
synchronizationto ensurethat the iterationsare executedin the
correctorder. Given the original, or source loop, most of these
techniquesgenerateinspectorcodethat analyzes,at run±time,the
cross-iterationdependencesin theloop,andscheduler/executorcode
thatschedulesandexecutestheloopiterationsusingthedependence
informationextractedby theinspector[30].

Our Results. We give a new inspector/scheduler/executormethod
for ®ndinganoptimalparallelexecutionschedulefor apartiallypar-
allel loop. Our inspectoris fully parallel,usesno synchronization,
and can be appliedto any loop (from which an inspectorcan be
extracted).In addition,ourinspectorcanimplementatrun±timethe
twomosteffectivetransformationsfor increasingtheamountof par-
allelismin a loop: arrayprivatizationandreductionparallelization
(element±wise).The ability to identify privatizableandreduction
variablesis very powerful sinceit eliminatesthedatadependences
involving thesevariablesandincreasestheavailableparallelismin
the loop. The schedulepartitionsthe setof iterationsinto subsets
calledwavefronts. Iterationsin eachwavefrontcanbeexecutedin
parallel, i.e., thereare no datadependencesbetweeniterationsin
a wavefront. Although the wavefrontsthemselvesareconstructed
oneafteranother, thecomputationof eachwavefrontis fully parallel
andrequiresno synchronization.The schedulingcanbe dynami-
cally overlappedwith theparallelexecutionof theloopiterationsto
utilize themachinemoreuniformly. Our new methodimproveson
theprevioustechniquessincenoneof themhasall of theseproperties
(acomparisonto previouswork is containedin Section4).

2 Preliminaries

In orderto guaranteethe semanticsof a loop, the parallelexe-
cutionschedulefor its iterationsmustrespectthedatadependence
relationsbetweenthestatementsin theloopbody[22,15,3, 32,35].
Therearethreepossibletypesof dependencesbetweentwo state-
mentsthataccessthesamememorylocation:¯ow (readafterwrite),
anti (write afterread),andoutput(write afterwrite). Flow depen-
dencesexpressafundamentalrelationshipaboutthedata¯o w in the
program. Anti andoutput dependences,alsoknown as memory-
relateddependences, arecausedby thereuseof memory, e.g.,pro-
gramvariables.If thereare¯o w dependencesbetweenaccessesin



A(2*i) = A(2*i-1)
tmp = A(2*i)

do 

A(2*i-1) = tmp S2 :
enddo

S1:
 i = 1, n/2 do

(b)

 i=1, n
do  j = 1, m

          A(j) = A(j) + exp()S1:
enddo

enddo

(a)

Figure1:

differentiterationsof aloop,thenthesemanticsof theloopcannotbe
guaranteedunlessthoseiterationsareexecutedin orderof iteration
numberbecausevaluesthatarecomputed(produced)in aniteration
of theloopareused(consumed)duringsomelateriteration.If there
areno ¯o w dependences,but thereareanti or outputdependences
betweeniterationsof a loop, thentheloop mustbemodi®edto re-
move all suchdependencesbeforetheseiterationscanbeexecuted
in parallel. In somecases,even¯o w dependencescanberemoved
by simplealgorithmsubstitution,e.g., reductions. Unfortunately,
notall suchsituationscanbehandledef®ciently. In orderto remove
certaintypesof dependencestwo transformationscanbeappliedto
theloop: privatizationandreductionparallelization.

Privatizationcreates,for eachprocessorcooperatingon theex-
ecutionof the loop, private copiesof the programvariablesthat
give rise to anti or outputdependences(see,e.g.,[7, 18, 19, 31]).
The loop shown in Figure1(a), is an exampleof a loop that can
beexecutedin parallelby usingprivatization;theanti dependences
betweenstatementS2 of iteration � andstatementS1 of iteration

����� , for ��������	�

� , canberemovedby privatizingthetempo-
rary variabletmp. In this paper, the following criterion is usedto
determinewhetheravariablemaybeprivatized.

Privatization Criterion: Let � beasharedarray(or arraysection)
that is referencedin a loop � . � canbe privatizedif andonly if
every readaccessto anelementof � is precededby a write access
to thatsameelementof � within thesameiterationof � .

In general,dependencesthataregeneratedby accessesto variables
that areonly usedasworkspace(e.g., temporaryvariables)within
aniterationcanbeeliminatedby privatizingtheworkspace.

Reductionparallelization is another important techniquefor
transformingcertaintypesof datadependentloopsfor concurrent
execution.

De®nition: A reductionvariableis a variablewhosevalueis used
in oneassociativeoperationof theform ������������� , where� is the
associativeoperatorand � doesnotoccurin ���
� or anywhereelsein
theloop. If theoperatorisnotcommutativethentheimplementation
of theparallelequivalentreductionoperationis moreconstrained.

Reductionvariablesarethereforeaccessedin acertainspeci®cpat-
tern (which leadsto a characteristicdatadependencegraph). A
simplebut typical exampleof a reductionis statementS1 in Fig-
ure 1(b). The operator � is exempli®edby the � operator, the
accesspatternof array ����� � is read,modify, write, andthefunction
performedby theloop is to adda valuecomputedin eachiteration
to the valuestoredin ����� � . Oncereductionvariablesare identi-
®ed,methodsareknown for performingthereductionoperationin
parallel(see,e.g.,[11, 14,16,35]).

3 Run±Time Analysisof Loops

Given a do loop whoseaccesspatterncannotbestaticallyana-
lyzed,compilershavetraditionallygeneratedsequentialcode.Since
compile±timedatadependenceanalysistechniquescannotbe used
on suchprograms,methodsof performingtheanalysisat run±time

arerequired.Severaltechniqueshave beendevelopedfor the run±
time analysisandschedulingof loopswith cross-iterationdepen-
dences[5, 9, 13, 17, 20, 23, 28, 29, 30, 33, 34]. However, for
variousreasons,such techniqueshave not achieved wide±spread
usein currentparallelizingcompilers.

In the following we describea new run±timeschemefor con-
structinga parallelexecutionschedulefor the iterationsof a loop.
The generalstructureof our methodis similar to the above cited
run±timetechniques:given the original, or sourceloop, the com-
piler generatesinspectorcodethatanalyzes,at run±time,thecross-
iterationdependencesin theloop,schedulercodethatschedulesthe
loop iterationsusingthe dependenceinformationextractedby the
inspector, andexecutorcodethatexecutestheloopiterations.In the
previoustechniques,theschedulerandtheexecutoraretightly cou-
pledcodeswhicharecollectively referredto astheexecutor, andthe
inspectorandthe scheduler/executorcodesareusuallydecoupled
[30]. Althoughour methodscanalsointerleave theschedulerand
theexecutor, we treatthemseparatelysincethey do tackledistinct
tasks.

3.1 The Inspector

In thissectionwedescribeanew inspectorschemethatprocesses
thememoryreferencesin aloopandconstructsadatastructurewhich
theschedulercanuseto ef®cientlyassigniterationsto wavefronts.
In addition,our inspectorcanimplementat run±timetwo important
transformations:(element±wise)arrayprivatizationandreduction
parallelization(seeSection2). The ability to identify privatizable
andreductionvariablesis verypowerful sinceit eliminatesthedata
dependences involving thesevariables. In particular, thesetrans-
formationsincreasethe availableparallelismin the loop and also
reducethework requiredof theschedulersinceit neednotconsider
dependencesinvolvingsuchvariableswhenit constructstheparallel
executionschedulefor theloop iterations.

Thebasicstrategyof ourmethodis for theinspectortopreprocess
thememoryreferencesanddeterminethedatadependencesfor each
memorylocationaccessed.Later, theschedulerusesthis memory-
locationdependenceinformationtodeterminethedatadependences
betweenthe iterations. We describethe methodas appliedto a
sharedarray � that is accessedthroughsubscriptarrays(seeFig-
ure 2(a)). For simplicity, we ®rstconsideronly the problemof
identifying thecross±iterationdependencesfor eacharrayelement
(memorylocation). After describingtheinspector, we discusshow
thedependenceinformationit discoverscanbeusedto identify the
arrayelementsthat are read±only, privatizable,or reductionvari-
ables.Theinspectorhastwo maintasks.

1. For eacharrayelement� � �"! , theinspectorcollectsall therefer-
encesto it into anarray(or list) #�$ andstoresthemin iteration
order. For eachreferenceit storesthe iteration numberand
accesstype(i.e., reador write) (seeFigure2(b)).

2. For eacharrayelement�%�&�"! , theinspectordeterminesthedata
dependencesbetweenall its referencesandstoresthemin adata
structure'

$
for lateruseby thescheduler.

Below we discusshow thereferencesto eacharrayelementcan
be collectedandstoredin thearray(or list) #($ . Assuming #($ is
available,we®rstdescribehow theinspectordeterminesthedepen-
dencesamongthereferencesto � � �"! andcomputesthedatastructure

'�$ . Therelationsbetweenthereferencesto �%�&�)! canbeorganized
(conceptually)into anarrayelementdependencegraph *�$ . If ad-
jacentreferencesin #

$
have differentaccesstypes,thena ¯o w or
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do i = 1,8
 A(W(i)) = ...

  ... = A(R(i))
 work(i)

W(1:8) = [1 3 2 4 3 5 6 3]
R(1:8) = [3 7 3 3 8 3 3 3]

(a)

(b)

(c)

enddo

(d)

1 2 3 4 5 6 7

index
1 2 3 5 6 8

Figure2: A (a)sourceloop,(b) thearray ��� for ��� ��� , (c) its dependence
graph	
� , and(d) its hierarchyvector ��� .

anti dependenceexists,andif they arebothwrites, thenan output
dependenceis signaled.Thesedependencesarere¯ectedby parent-
child relationshipsin * $ . If adjacentreferencesarebothreads,then
thereis no dependencebetweentheelements,but they mayhave a
commonparent(child) in *

$ : the lastwrite preceding(®rstwrite
following) themin #

$ . For example,thedependencegraph *

� for
� � 
 ! is shown in Figure2(c).

Our goal is to encodethepredecessor/successorinformationof
the(conceptual)dependencegraph* $ in ahierarchyvector ' $ so
that the schedulercaneasily look-up the dependenceinformation
for thereferencesto � � �"! . First,we adda level ®eldto therecords
in #

$ , andstorein it thereference's level in thedependencegraph
*�$ (seeFigure 2(b)). Then, for eachlevel, we storein '�$ the
index (pointerto location)in #�$ of the®rstreferenceat that level.
Speci®cally, '

$ is anarrayand '
$

� � ! containsthe index in #
$ of

the ®rstreferenceat level � , i.e., ' $ will serve asa look±uptable
for the®rstreferencein #($ atany level (seeFigure2(d)). Notethat
thisimpliesthat '

$
recordsthepositionin #

$
of everywrite access

andof the®rstreadaccessin any runof reads.
Wenow giveanexampleof how thehierarchyvectorservesasa

look-uptablefor thepredecessorsandsuccessorsof all theaccesses.
Considerthereadaccessto �%��
 ! in the � th iteration,whichappears
asthe � th entry in #

� . Its level is � , andthusit ®ndsits successor
by lookingat the � ���%��� th elementof thehierarchyvector '

� ,
which containsthe value � indicatingthat its successoris the � th
elementin #

� . Similarly, its predecessoris foundby lookingin the
��� �(��� th elementof '

� , which indicatesthatits predecessor is
the � th elementof #

� .

Implementing the Inspector. We now considerhow to collectthe
accessesto eacharrayelement� � �"! into thearrays#

$ . Regardless
of thetechniqueusedto constructthesearrays,to ensurethescala-
bility of our methodswe mustprocess(mark) thereferencesto the
sharedarray � in a doall (seeFigure3(a)and(b)). Thecompu-
tationperformedin themarking operationswill dependuponthe
techniqueusedto constructthe arrays #

$ . In any case,notethat
sinceweareinterestedin cross±iterationdatadependencesweneed
only recordat mostonereadand onewrite accessin #�$ for any
particulariteration, i.e., subsequentreadsor writes to � � �"! in the
sameiterationcanbeignored.

Perhapsthesimplestmethodof constructingtheelementarrays
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do i = 1,8
 A(W(i)) = ...

  ... = A(R(i))
 work(i)

W(1:8) = [1 3 2 4 3 5 6 3]
R(1:8) = [3 7 3 3 8 3 3 3]

enddo

(b)(a)

(c)

doall p = 1,nproc

enddoall

integer j

enddo
    markread(R(j))
    markwrite(W(j))
do  j=start(p,niter),end(p,niter)

Figure3: An exampleof the privateelementarrays��� andhierarchy
vectors��� (c) whentwo processorsareusedin the inspectordoall loop
(b) for thesourcedo loop(a).

# $ is to ®rstplacearecordfor eachmemoryreferenceinto anarray
#�� , andthensort the recordslexicographicallyby arrayelement
number(®rstkey) anditerationnumber(secondkey). After sorting,
eacharray # $ will occupya contiguousportion(a subarray)in the
array #�� . In this casethe markingoperationssimply recordthe
informationabouttheaccessinto #�� . After thelexicographicsort,
thelevel of eachreferencein *

$ canbecomputedby apre®xsum
computation.

However, sincethe rangeof the valuesto be sortedis known
in advance(it is given by the dimensionof the sharedarray � ),
a linear time bucket or bin sort can be usedin placeof the more
general��� 	�������	�� lexicographicsort. Moreover, if theinspector's
markingphaseis chunked(i.e., staticallyscheduled),thenfurther
optimizationis possible.In this case,processor� will beassigned
iterations �! 	�
��#" through � ��� � �$ 	�
��#"%��� , where � is the total
numberof processors,	 is the numberof iterationsin the loop,
and & � �%� � . The basicideais asfollows. First, in a private
markingphase, eachprocessormarksthereferencesin its assigned
iterations,andconstructselementarrays#

$ andhierarchyvectors
'�$ asdescribedabove, but only for the references in its assigned
iterations. Then,in across±processor analysisphase, thehierarchy
vectorsfor the whole iterationspaceof the loop areformedusing
theprocessors'hierarchy(sub)vectors.

The privatemarkingphaseproceedsasfollows. Let �%� � : '�! be
the sharedarray underscrutiny, and supposeeachprocessorhas
a separatearray � #�� � : ')(�� : ��	�
��)! in which to storethe recordsof
the referencesin its set of iterations. Each record containsthe
iteration, type of reference,and level as describedabove. (The
seconddimensionof � : ��	�
�� follows sinceat most one readand
onewrite to any elementneedto be markedin eachiteration,and
eachprocessorhas	�
�� iterations.)Assumingaprocessormarksits
iterationsin orderof increasingiterationnumber, it canimmediately
placetherecordsfor thereferencesinto its array� # in sortedorder
of iterationnumber. In addition to the array � # , eachprocessor
hasa separatearray � ' � � : '$(�� : ��	�
��)! usedto store the hierarchy
vectorsfor the referencesin its assignedsetof iterations. Again,



assumingthatiterationsareprocessedin increasingorderof iteration
number, thehierarchyvectorscanbe®lledin at thesametime that
thereferencesarerecordedin � # (seeFigure3(c)).

In the cross-processoranalysisphasewe needto ®ndfor each
array element � � �"! the predecessor, if any, of the ®rstreference
recordedby eachprocessor, i.e., we needto ®ll in the value in
processor� 's hierarchyvector for the referencethat immediately
precedes(in thedependencegraph * $ ) the®rstreferenceto � � �"! that
wasassignedto processor� . Similarly, wemust®ndtheimmediate
successorof thelastreferenceto � � �"! thatwasassignedtoprocessor

� . Processor� can ®ndthe predecessors(successors)neededfor
its hierarchyvectorsby scanningthe arraysof the processorsless
than (larger than) � . For example, the ª?º at the end of � ' ��
 !

for processor1 in Figure 3 would be ®lled in with a pointer to
the ®rstelementin the array � # � 
 ! of processor2. Hence,the
initial and®nalentriesin thehierarchyvectorsalsoneedto storethe
processornumber thatcontainsthepredecessor andsuccessor. These
scanscan be mademore ef®cientby maintainingsomeauxiliary
information,e.g.,for eacharrayelement,eachprocessorcomputes
thetotalnumberof accessesit recorded,andtheindicesin � # of the
®rstandlastwrite to thatelement.In any case,we notethat®lling
in the processors'hierarchyvectorsrequiresa minimal amountof
interprocessorcommunication,i.e., it requiresonly a ªconnectingº
andnota full ªmergingº of thedifferenthierarchyvectors.

Thereare several ways in which the above sketchedanalysis
phasecanbeoptimized.For example,in orderto determinewhich
arrayelementsneedpredecessorsandsuccessors(i.e., theelements
with non±emptyarrays #

$ ), the processorneedsto check each
row of its array � # (row � of � # correspondsto the array #�� ).
This could be a costly operationif the dimensionof the original
arrayis large andtheprocessor'sassignediterationshave a sparse
accesspattern. However, the needto checkeachrow in � # can
be avoidedby maintaininga list of thenon±emptyrows. This list
can be constructedduring the marking phase,and then traversed
in theanalysisphase.Anothersourceof inef®ciency for machines
with many processorsis thesearchfor a particularpredecessor(or
successor)sinceeachprocessormightneedto lookfor apredecessor
in all thepreceding(succeeding)processors'iterations.Thecostof
thesesearchescanbereducedfrom � to ��� ���$� � � usinga standard
parallel divide±and±conquer ªpair±wiseº merging approach[16],
where� is thetotalnumberof processors.

Privatization and Reduction Recognition. The basicinspector
describedabovecaneasilybeaugmentedto ®ndthearrayelements
thatareindependent(i.e.,accessedin only oneiteration),read±only,
privatizable,or reductionvariables.We®rstconsidertheproblemof
identifyingindependent,read±only,andprivatizablearrayelements.
During themarkingphase,a processormaintainsthestatusof each
elementreferencedin its assignediterationswith respectto only
theseiterations. In particular, if it ®ndsthananelementis writtenin
any of its assignediterations,thenit is not read±only. If anelement
is accessedin more than one of its assignediterations,then it is
not independent.If an elementwasreadbeforeit waswritten in
any of its assignediterations,thenit is not privatizable. Next, the
®nalstatusof eachelementis determinedin the cross±processor
analysisphaseasfollows. An elementis independentif andonly
if it was classi®edas independentby exactly one processor, and
was not referencedon any other processor. An elementis read±
only if and only if it was determinedto be read±onlyby every
processorthat referencedit. Similarly, an elementis privatizable
if andonly if it wasprivatizableon every processorthat accessed

i = 1, n
S1:         A(K(i)) = .......
S2:           ............  =  A(L(i))
S3: A(R(i)) = A(R(i)) + exp()

enddo

markwrite(K(i))
markredux(K(i))
markread(L(i))
markredux(L(i))

do 

markwrite(R(i))

j

(b)

(a)

i = 1, ndoall 

enddoall
enddo

private 
do   j=start(p,niter),end(p,niter)

integer 

Figure4: Thetransformationof thedo loop in (a) is shown in (b). The
markwrite (markread ) operationaddsa recordto theprocessor'sarray

��� (if itsnotaduplicate),andupdatesthehierarchyvector�#� appropriately.
The markredux operationinvalidatesthe indicatedarray elementas a
reductionvariablesinceit is accessedoutsidethereductionstatementS3.

it. Thus, the elementscanbe categorizedby a similar processto
theoneusedto ®ndthepredecessorsandsuccessorswhen®lling in
theprocessors'hierarchyvectors. Finally, if we maintaina linked
list of the non±emptyrows of � # as mentionedabove, then the
rowscorrespondingto elementsthatwerefoundto beindependent,
read±only, or privatizableareremovedfrom thelist, i.e.,accessesto
theseelementsneednotbeconsideredwhenconstructingtheparallel
executionschedulefor theloop iterations.

We now considerthe problemof verifying that a statementis
a reductionusingrun±timedatadependenceanalysis. Recall that
potentialreductionstatementsaregenerallyidenti®edby syntacti-
cally matchingthe statementwith the genericreductiontemplate

��� ��� ���
� , where� is thereductionvariable,and � is anassocia-
tive operator. Thestatementis validatedasa reductionif it canbe
shown that � is neitherreferencedin ���
� nor anywherein theloop
bodyoutsidethereductionstatement.For example,althoughstate-
mentS3 in the loop in Figure4(a)matchesa reductionstatement,
it is still necessaryto prove that theelementsof arrayA referenced
in S1 andS2 do not overlapwith thoseaccessedin statementS3,
i.e., that:

�

� � ��� � # ��� � and � � � ��� � # ��� � , for all ����� (���� 	 . It
turnsoutthatthisconditioncanbetestedin thesamewaythatread±
only and privatizablearrayelementsare identi®ed. In particular,
duringthemarkingphase,wheneveranelementis accessedoutside
the reductionstatementtheprocessorinvalidatesthat elementasa
reductionvariable.Again, the®nalstatusof eachelementis deter-
mined in the cross±processor analysisphase,i.e., an elementis a
reductionvariableif andonly if it wasnot invalidatedassuchby
any processor. This basicstrategy canbeextendedto handlemore
complex reductionoperations(referto [24] for details).

Complexity of the Inspector. Theworstcasecomplexity of thein-
spectoris ���
	 ������� � , where	 is themaximumnumberof references
assignedto eachprocessorand � is thetotal numberof processors.
In particular, usingthebucketsort implementation,eachprocessor
spendsconstanttime on eachof its ���
	)� accessesin themarking
phase,andtheanalysisphasetakestime ���
	 ���$��� � usingaparallel
divide±and±conquerpair±wisemerging strategy [16]. We remark
thatsincethecostof theanalysisphaseisproportionalto thenumber
of distinctelementsaccessed(i.e., thenumberof non±emptyrows
in the � # array)thecomplexity of this phasecouldbesigni®cantly
lessthan ���
	 ���$� � � if thereare many repeatedreferencesin the
loop. Also, if 	 ���$� ��� ' , thenthemergeamongtheprocessescan
beimprovedto ��� '�� ���$� � � timeby chunkingthe � # arrays.



3.2 The Scheduler

Theschedulerderivesthemorerestrictive iteration-wisedepen-
dencerelationsfrom thememorylocationdependenceinformation
found by the inspector. A valid parallelexecutionschedulefor a
loop is apartitionof thesetof iterationsinto orderedsubsetscalled
wavefronts, so that all cross-iterationdependencesgo from an it-
erationin a lower numberedwavefront to an iterationin a higher
numberedwavefront.Wesaythatavalidparallelexecutionschedule
is optimalif it hasaminimumnumberof wavefronts,i.e., is hasas
many wavefrontsasthelongestpath(thecritical path) in thedirected
acyclic graph(dag)describingthecross-iterationdependencesin the
loop. We remarkthat the schedulersdescribedbelow canbe used
to constructthefull iterationschedulein advance(asdescribed)or
they canbe interleaved with theexecutor, i.e., the iterationscould
beexecutedasthey arefoundto beready.

A simplescheduler. A simpleschedulerthat®ndsanoptimalsched-
ule is sketchedin Figure5(a). In the®gure,anarraywf(i) stores
thewavefrontfoundfor iteration � , theglobalvariabledone ¯ags if
all iterationshavebeenscheduled,rdy(i) signalsif iteration � is
readytobeexecuted,lowercaseletters(a,b ) areusedfor references
to arrayelements,a.iter is theiterationwhichcontainsreference
a, andPred(a) is the setof immediatepredecessorsof a in the
arrayelementdependencegraphs.Theschedulingis performedin
phases(line 4) so that in phase� the iterationsbelongingto � th
wavefrontareidenti®ed.In eachphase,all thereferencesrecorded
in the � # arraysareprocessed(lines 7±16),andthe predecessors
of all referenceswhoseiterationshavenotbeenscheduled(line 10)
areexamined.An iterationis notreadyif theiterationsof any of its
reference's predecessorswerenot assignedto previouswavefronts
(line 11). After all the referencesareprocessed,all the iterations
areexamined(lines17±19)to seewhichcanbeaddedto thecurrent
wavefront: an iteration � is ready(line 18) if noneof its references
set rdy(i) to false. Advantagesof this schedulerare that it is
conceptuallyverysimpleandquiteeasyto implement.

Optimizing thesimplescheduler. Therearesomesourcesof inef®-
ciency in thisscheduler. First,sinceawrite accesscouldpotentially
have many ªparentº readaccessesit could prove expensive to re-
quireeachwrite to checkall its ªparentsº(line10). Fortunately, this
problemis easilycircumventedby requiringan unscheduledread
accessto inform its successor's iterationthatit is not ready. Then,
a write accessonly needsto checkits predecessorif the (single)
predecessoris alsoawrite.

Anothersourceof inef®ciency arisesfromthefactthateachinner
doall (lines7±16)requirestime ��� 	���
�� � to identifyunscheduled
iterations(line 9), where 	�� is the total numberof accessesto the
sharedarrayand� is thenumberof processors.Thus,thescheduler
takestime ��� � 	

�

�� �

�

�

�

� , where �

�

�

is the length of the critical
path. If �

�

���

� , thenit cannotbe expectedto offer any speedup
oversequentialexecution,andevenworse,it couldyield slowdowns
for longercritical paths.However, notethatin any singleiteration
of thescheduler, theonly iterationsthatcouldpotentiallybeadded
to thenext wavefrontmusthave all theiraccessesat thelowestun-
scheduledlevel in theirrespectiveelement±wisedependencegraphs.
For example,considerthedependencegraphshown in Figure5(b).
If iteration 2 (level 1) hasnot beenscheduledyet, then noneof
the iterationswith accessesin higherlevels could be addedto the
currentwavefront. Thus, in eachof the �

�

�

iterationsof the do
while loop, we would like to examineonly thosereferencesthat
arein thetopmostunscheduledlevel of their respectivedependence
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wf(1:numiter) = 0
done = .false.
cpl = 1
do while (done.eq..false.)

  done = .true.

  a = access(i)

(wf(b.iter).eq.0)if

if (wf(a.iter) .eq. 0) then
for each (b in Pred(a))

doall i = 1, numaccess

then
done = .false.
rdy(a.iter) = .false.

      endfor
         endif

enddoall
doall

if
   i = 1,numiter

enddoall

enddo while
  cpl = cpl + 1

  rdy(1:numiter) = .true.

    (wf(i).eq. 0 .and. rdy(i).eq..true.)

Figure5: A simplescheduler(a),andthedependencegraphfor oneof the
memorylocationsaccessedin theloop(b).

graph. First notethat we caneasily identify the accesseson each
level of the arrayelementdependencegraphssincereferencesare
storedin increasinglevel orderin the � # arraysandthe � ' arrays
containpointersthe®rstaccessat eachlevel. To processonly the
accesseson thelowestunscheduledlevel it is usefulto haveacount
of thetotalnumberof (recorded)accessesin eachiterationÐwhich
caneasilybe extractedin themarkingphase.Then,in thesched-
uler, a countof the numberof readyaccessesfor eachiterationis
computedon a perprocessorbasisin the®rstdoall (lines7±16).
In theseconddoall (lines17±19),thecross-processorsumof the
readyaccesscountsfor eachunschedulediterationis comparedto
its totalaccesscount,andif they areequaltheiterationis addedto
thecurrentwavefront.

In summary, we would expecttheoptimizedversionto outper-
form theoriginal schedulerif therearemultiple levels in thearray
elementdependencegraphs. Hence,the determinationof which
versionto useshouldbe madeusingknowledgegainedaboutthe
accesspatternby theinspector. In [24], we discusswaysto reduce
schedulingoverheadsuchas overlappingwavefront computation
with actualloopexecutionandusingdynamicreadyqueues[21].

4 A Comparisonwith Previous Methods

We now comparethe methodsdescribedin this paperto sev-
eral other techniquesthat have beenproposedfor analyzingand
schedulingdo loopsat run±time. Most of this work hasconcen-
tratedon developing inspectors. A high level comparisonof the
variousmethodsis givenin Table1.

Methods utilizing critical sections.Themethodof Zhu andYew
[34] computesthewavefrontsoneafteranotherusingamethodsimi-



obtains contains requires restricts privat
optimal serial global typeof or

Method sched portions synch loop reduct

New Yes No No No P,R

ZY [34] No � No Yes
�

No No
MP [20] Yes No Yes

�

No No
KS [13] No� No Yes

�

No P
CYT [9] No

���

� No Yes No No
SM [28] No� No Yes Yes

�

No
SMC [30] Yes Yes

�

Yes Yes
�

No
LZ [17] Yes No Yes Yes

�

No
P [23] No No No No No
RP[25, 26] No

�

No No No P,R

Table1: A comparisonof run±timeparallelizationtechniquesfor do loops.
In the tableentries,

�

and � show that the methodidentitiesprivatizable
andreductionvariables,respectively. The superscriptshave the following
meanings:1, the methodserializesall readaccesses;2, performancecan
degradesigni®cantlyin the presenceof hotspots;3, thescheduler/executor
is a doacross loop (iterationsarestartedin a wrappedmanner)andbusy
waits are usedto enforcecertaindatadependences;4, the inspectorloop
sequentiallytraversestheaccesspattern;5, themethodis applicableonly to
loopswithout outputdependences(i.e., eachmemorylocationis written at
mostonce);6, themethodidenti®esonly fully parallelloops.

lar to thesimpleschedulerdescribedin Section3.2. Duringaphase,
an iteration is addedto the currentwavefront if noneof the data
accessedin thatiterationis accessedby any lowerunassigneditera-
tion; thelowestunassignediterationto accessany arrayelementis
foundusingatomiccompare-and-swapsynchronizationprimitives
andashadow versionof thearray. Midkif f andPadua[20] extended
this methodto allow concurrentreadsfrom a memorylocationin
multiple iterations. Thesemethodsrun the risk of a severedegra-
dationin performancefor accesspatternscontaininghotspots(i.e.,
many accessesto the samememorylocation). A featureof them
is that they useonly a shadow versionof thesharedarraywhereas
all othermethods(except[23, 25, 26]) unroll theloop andstoreall
accessesto thesharedarray.

Krothapalli andSadayappan[13] proposeda run±timescheme
for removing anti and output dependences from loops. For each
memorylocation,their inspectorcountsthe numberreferencesto
it (usingcritical sectionsasin [34]), placesthemin a dynamically
allocatedarray, and then sorts them by iteration number. After
building a dependencegraphfor eachmemorylocation(similar to
our arrays # $ ), the inspectorremoves all anti and outputdepen-
dencesby redirectingtheaccessesto dynamicallyallocatedstorage
(using an additionallevel of indirection). Flow dependencesare
enforcedusingfull/empty bits. To our knowledge,this is theonly
otherrun±timeprivatizationtechniqueexceptfor theonedescribed
in [25, 26].

Recently, Chen,Yew, and Torrellas[9] proposedan inspector
that ®rstbuilds (in private storage)accesslists for eachmemory
locationreferencedin a processor's assignediterations(similar to
[13] andour inspector's markingphase,exceptthey serializeread
accesses),and then links them acrossprocessorsusing a global
Zhu/Yew algorithm[34]. Theirscheduler/executorusesdoacross
parallelization[28] (seebelow). Although this schemepotentially
haslesscommunicationoverheadthan[34], it is still sensitiveto hot
spotsandtherearecases(e.g.,doalls ) in whichit provesinferior
to [34].

Methods for loops without output dependences.This problem

hasalsobeenstudiedextensively by Saltzetal. [5, 28, 29, 30,33].
Most of their work assumesthat thereareno outputdependences
in thesourceloop. In doacross parallelization[28], aninspector
®ndsthe (at mostone)iterationin which eachvariableis written.
The scheduler/executorstartsiterationsin a wrappedmannerand
processorsbusywait until theiroperandsareavailable. In [30], the
inspectorconstructswavefrontsthatrespectthe¯o wdependencesby
performingasequentialtopologicalsortof theaccessesin theloop,
andthescheduler/executorenforcesany antidependencesusingold
andnew versionsof eachvariable(possiblesinceeachvariablein
thesourceloop is written at mostonce). Thetopologicalsort can
beparallelizedsomewhatusingdoacross parallelization.Leung
andZahorjan[17] proposedmethodsof parallelizingthesequential
inspectorof [30]. In theit sectioningmethod,the loop is chunked
and eachprocessorcomputesan optimal schedulefor its chunk,
and then theseschedulesare concatenatedtogetherseparatedby
synchronizationbarriers. In bootstrappingtechnique,the inspec-
tor is parallelized(not optimally) usingsectioning,but an optimal
scheduleis produced.

Other methods. In contrastto the above methodswhich place
iterationsin thelowestpossiblewavefront,Polychronopolous[23]
givesa methodwherewavefrontsaremaximalsetsof contiguous
iterationswith no cross-iterationdependences. Dependencesare
detectedusingshadow versionsof thevariables,eithersequentially,
or in parallelwith theaidof critical sectionsasin [34].

All of theabovementionedmethodsattemptto ®nda valid par-
allel executionschedulefor thesourcedo loop. Recently, we con-
sidereda relatedproblem[25, 26]: testingat run±timewhether
the loop is fully parallel,i.e., whetherthereareany cross-iteration
dependencesin theloop. Ourinterestin fully parallelloopsis moti-
vatedby theobservationthatthey arisefrequentlyin realprograms.

5 Implementation and Experimental Results

We presentexperimentalresultsobtainedon two modestlypar-
allel machineswith 8 (Alliant FX/80[1]) and14processors(Alliant
FX/2800[2]). However, we remarkthat the resultsscalewith the
numberof processorsandthedatasizeandthusthey maybeextrap-
olatedfor massively parallelprocessors(MPPs),theactualtargetof
our run±timemethods.To demonstratethat the new methodscan
achieve speedups,we appliedthemto threeloopscontainedin the
PERFECTBenchmarks[4]. To analyzethe overheadincurredby
the methodswe appliedthemto accesspatternstakenfrom actual
programsandto syntheticaccesspatterns.

Themethodswereimplementedin CedarFortran[12]. Thein-
spectorwasessentiallyasdescribedin Section3.1. In particular, we
implementedthebucketsortversionusingseparate� # and� ' data
structuresfor eachprocessor. Eachprocessorconstructeda linked
list of thenon-emptyrowsin its � # arrayduringthemarkingphase.
Checksfor independent,read±only, andprivatizableelementswere
implementedin theinspector(we havenot yet includedthetestfor
reductionvariables).In theanalysisphase,theseelementsareclassi-
®edatthesametime thatthepredecessorsandsuccessorsarefound
for eachrow. An optimizationthat we did not yet implementwas
the ªpair±wiseº merge acrossprocessorswhen searchingfor pre-
decessorsor successorsin the analysisphase(or whenclassifying
elementsasindependent,read±only, or privatizable).However, this
isanimportantoptimizationsince,aspreviouslynoted,withoutit the
analysisphaseof theinspectormayfail to scalewith thenumberof
processors.Sinceweimplementedtheoptimizedversionof thesim-



ple schedulerdescribedin Section3.2,a countof the total number
of accessesin eachiterationwascomputedin themarkingphase(no
inter-processorcommunicationis neededto determinethesecounts
sinceeachiterationis assignedto asingleprocessor).For simplic-
ity, theschedulerandtheexecutorwerecompletelydecoupledin the
implementation,but betterspeedupsshouldbeobtainableby inter-
leaving thesetwo tasks(seeSection3.2). We remarkthat thereare
otherissuesto beconsideredwhenapplyingthesemethodsin areal
applicationenvironmentsuchasmemoryrequirementsandknown
boundson thesourceloop's availableparallelism(referto [24] for
moredetails).

SyntheticLoops

Usingsyntheticloops,westudiedthesensitivity of theoverheadof
themethodsto twocharacteristicsof thesourcedo loop: itsaverage
parallelism(#iterations/�

�

�

) and its hotspotdegree(the maximum
numberof repeatedaccessesto any arrayelement).To simplify the
generationof thesyntheticworkloads,wedid not identify indepen-
dent,read±only, or privatizableelementsin theanalysisphase.

Averageparallelism. Toisolatetheeffectof theaverageparallelism
in thesourceloopontheoverheadof themethods,wegeneratedac-
cesspatternsthat wereassimilar aspossiblein all aspectsexcept
for theaverageparallelism:eachiterationhadtwo accesses(a read
followedby awrite), andeveryarrayelementwasaccessedapprox-
imatelytwice.

Wewouldnotexpecttheinspector'sexecutiontimeto bedepen-
denton the averageparallelismin the sourceloop sinceit is fully
parallel. However, astheschedulerrunsin �

�

�

steps,its execution
timeshouldbeinverselycorrelatedwith theaverageparallelism.In
Figures6 and7 we displayresultsfrom a loopwith 2048iterations
run on 10 processors.The plot shows theoverheadincurredfor a
loopwith acritical pathlengthof ªStep.º Asexpected,theoverhead
of theinspectoris invariantwith thelengthof thecritical path,and
thatof theschedulergrows linearlywith this length.

We alsostudiedhow overheadspeeduprelatesto averagepar-
allelism. The inspector's overheadis independentof the average
parallelismsinceit is fully parallel. Although, theschedulercon-
sistsof �

�

�

steps,it maystill exhibit substantialspeedupssinceeach
step is fully parallel. In fact, in Figures8 and 9 we show that
almostidenticalspeedupsareobtainedfor sequential,partially par-
allel, andfully parallelloopsfor both the inspectorandscheduler.
Theslightly diminishedslopeof theinspector'sspeedupcurveafter
about10 processorsis becauseour implementationdid not usea
ªpair±wiseºmergeamongtheprocessors(Section3.1).

Hotspots. To isolatetheeffect of thehotspotdegreein thesource
loop on the overheadof themethods,we generatedsimilar access
patternsdiffering only in hotspotdegree: all loopshad2048 iter-
ations(eachwith two accesses), a critical pathlengthof 40, anda
loopwith hotspotvalue � contained� referencesto eachof �$&!���

��

arrayelements.We wouldnot expectthemethodsto benegatively
affectedby the hot spot degree. In fact, a larger hotspotdegree
impliesfewer non-emptyrows in the � # array, andthuswe might
seeimproved resultsin the analysisand schedulingphases. The
resultsin Figure10show thatin factthetotaloverhead(inspector+
scheduler)is nearlythesamefor all hotspotdegrees.

Loops from the MA28 Solver

Weappliedthenew methodsto loopsfromrealapplications,bothto
demonstratethediversityof partiallyparallelaccesspatternsandalso
to recon®rmthe conclusionsreachedabove usingsyntheticloops.
For this purposewe choseLoop MA30cd/DO 120 from MA28 (a
blockedsparsenon-symmetriclinearsolver [10]). We selectedthis
loop,whichperformstheforward±backwardsubstitutionin the®nal
phaseof theblockedsparselinearsystemsolver, becauseit cangen-
eratemany diverseaccesspatternswhenusingtheHarwell-Boeing
matricesasinput. Unfortunately, theloop itself is not a goodcan-
didatefor parallelizationsinceit performsvery little work and is
highly imbalanced.

We discusstwo input sets: gemat12,which generates4929it-
erations,andbp 1600,which generates822 iterations. After ex-
tractingand precomputingthe linear recurrencesfrom the source
loop (basedon the methodsin [27]), we generateda parallel in-
spectorandcomputedanoptimalparallelexecutionschedulefor the
loop. The parallelismpro®lesobtained(Figures11 and12) show
thewavefrontsizesof theoptimalparallelexecutionscheduleand
illustratehow the sameloop can generatevastly differentdepen-
dencegraphsgiven different input. Figure11 shows that mostof
the iterationsof the loop canbe executedin the initial wavefronts
( �

�

�

� ����� ), which suggeststhat interleaving the wavefrontcom-
putationandexecutionwould be morebene®cialthanoverlapping
them,sothatparallelizationcanbeabandonedwhenthesequential
tail of the pro®leis reached. Although in Figure12 mostof the
iterationsarealsoexecutedin the initial wavefronts,in this caseit
appearsthat somebene®tcouldbe gainedby overlapping,i.e., we
cantakeadvantageof theªpausesºin parallelismto computefuture
(hopefullylarger)wavefronts.Thehistogramsin Figures13 and14
underscoretheneedfor schedulingandexecutionstrategiesthatcan
adaptdynamicallydependinguponthetypeof parallelismencoun-
tered. Figures15 and16 show that overheadspeedupis invariant
with the parallelismpro®le. Larger speedupswere not obtained
sincetheloopis heavily imbalanceddueto theblockednatureof the
algorithmusedin MA28.

Perfect Benchmark Loops

We appliedthemethodsto threeloopscontainedin thePERFECT
Benchmarks[4]. In theanalysisphaseit wasfoundthatoneof the
loopswasfully parallel,andthattheothertwocouldbetransformed
into doalls by privatizingthesharedarrayundertest.Figures17
through19 show thespeedupmeasuredfor eachloopasa function
of thenumberof processorsused.As a reference,wegive theideal
speedup,which wasmeasuredusingan optimally parallelized(by
hand)versionof theloop. Thesegraphsshowthatthespeedupscales
with thenumberof processorsandis asigni®cantpercentageof the
ideal speedup.We note that theseloops could also be identi®ed
by the LRPD test [25, 26], a run±timetest for identifying fully
parallelloops,i.e.,loopsthatcanbetransformedintodoalls using
privatizationandreductionparallelization.AlthoughtheLRPDtest
hasa smalleroverheadthanthemethodspresentedhere,it cannot
extractpartialparallelism.

In BDNA±ACTFOR±Loop240, the sharedarray under test is
accessedthroughasubscriptarraycomputedinsidetheloopwhichis
foundto beprivatizablein theanalysisphase(Figure17). In MDG±
INTERF±Loop1000, it is also found that the sharedarray under
test is privatizablein the analysisphase(Figure18). In OCEAN±
FTRVMT±Loop109, all accessesto the sharedarrayare found to



beuniquein theanalysisphase.Sincethis loop is invoked26,000
times,andaccountsfor 40%of thesequentialexecutiontimeof the
program,it is an excellentcandidatefor schedulereuse[30]. The
accesspatternfor eachinstantiationof theloop is determinedby a
setof ®ve scalars. In order to apply schedulereuse,we checked
whetherthecurrentsetof scalarsmatchedapreviouslyanalyzedset.
If not,thenweappliedtheparallelizationtechniques,andif they did
matchthenwe simply executedthe loop asa doall . As canbe
seenin Figure19,with schedulereuseweobtainscalablespeedups
thatarecomparableto theidealspeedup.

6 Conclusion

Parallelizingstaticallyintractableloopsat run±timeis animpor-
tanttasksinceautomatic,compile±timeparallelizationhadstopped
with regular,well±behaved,staticallyde®nedprogramsÐwhichrep-
resentonlyafractionof all applications.Webelievethataggressive,
dynamic techniquessuchas thosedescribedherecan break this
barrierandextractmuchof theavailableparallelismfrom eventhe
mostcomplex programs.Thescalabilityof ourmethodsensuresthat
their run±timeoverheadcanbereducedto aninsigni®cantfraction
of theprogram'ssequentialexecutiontime,whichimpliesthattheir
signi®cancewill only increasewith theadventof massively parallel
processors(MPPs).

Although thesenew methodsillustratethepotentialbene®tsof
run±timeparallelization,thereis still much work left to be done.
For example, there are many potentialschedulingstrategies that
needto bestudied.Anotherimportanttaskis to deviseeffective,au-
tomatablestrategiesfor determiningwhenandhow to userun±time
parallelization. Sincespeedupsobtainablefrom run±timeparal-
lelizationareupperboundedby theinherentparallelismof theloop,
the compilerneedsto estimateobtainableparallelism. Suchesti-
matescan be producedonly throughcollectionand interpretation
of valid statisticsfrom programsin differentapplicationdomains.
Thenew methodsprovide a usefultool for suchstudiessincethey
determinethedependencegraphandparallelismpro®leof theloop.
It shouldbe notedthat run±timeoverheadcould be signi®cantly
reducedthrougharchitecturalsupport.

Weview themethodsdescribedin thispaperasabuildingblock in
anevolving framework of run±timeparallelizationasacomplement
to theexisting techniques[25, 26, 27].
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