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ABSTRACT

A General Performance Modéd for Parallel Sweeps on Orthogonal Grids for Particle
Transport Calculations. (December 2000)
Mark Michad Mathis, B.S., Texas A&M University

Chair of Advisory Committee: Dr. Nancy Amato

Thereisagrowing need to accurately simulate physical systems whose evolution
depends on the transport of subatomic particles. It haslong been recognized that the
huge computational demandsof the transport problem meanthat practical solution
times will be obtained only by the € cient utilization of parallel processing. For
example, since estimates place the time devotedto particle trangort in multi-physics
simulations at 50-80% of total execution time, parallelizing deterministic particle
transport calculations is an important problem in many applications targeted by
the Accelerated Strategic Computing Initiative of the United States Department of
Energy. One common approach to deterministic particle trangort calculationsis the
discrete-ordinates method, whose most time consuming step is the transport sweep
which involves multiple sweeps through the spatial grid, one for each direction of
particle travel. The el cient parallel implementation of the transport sweeps is the
key to paralldizing the discrete-ordinates method.

The key contribution of this thesis is a new general model that can be used
to compare the running times of transport sweeps on threeBdimensional orthogonal
grids for various mappings of the grid cells to processors. Our model, which includes
machineBdependent parameters such ascomputation cost and communication latency,
can be used to analyze and compare the €'ects of various spatial decompostions on
the running time of the transport sweep. Insight obtained from the model yields

two signibPant contributions to the theory of optimal transport sweeps on orthogonal



grids. First, our mode provides atheoretical basisthat explains why, and under what
circumstances, the column decomposition of the current standard KBA algorithm is
superior to the @alancedOdecomposition obtained by classic domain decomposition
techniques. Second, our model enables usto identify a new decomposition, which we
call Hybrid, that proves to be almos as good as and often better than the current
standard KBA method. We obtain expressions for the completion time and discuss

theoretical results.
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CHAPTER |

INTRODUCTION

There is a growing need to accurately simulate physical systems whose evolu-
tions depend on the transport of subatomic particles (such as neutrons, gammas,
thermal radiation, and charged particles) coupled with other complex physics (such
as hydrodynamics). For example, photons of optical and near-optical wavelengths
have long been used for remote sensing (e.g., in satellite imagery and lidar probing),
and, more recently, have found increasing potential in important applications such as
non-invasive medical diagnosis or detection of biological aerosols. Moreover, in many
simulations, particle transport calculations consume the majority of the computa-
tional resources. For example, estimates place the time devoted to particle transport
in certain multiEphysics smulations of practical interest at 50-80% of total execution
time [Hoise et al. 1998; Hoisie et al. 1999]. It has long been recognized that the
huge computational demandsof the transport problem meanthat practical solution
times will be obtained only by the e cient utilization of parallel processing. Indeed,
paralldizing deterministic particle transport calculations is recognized as an impor-
tant problem in many applications targeted by the Accelerated Strategic Computing

Initiative of the United States Department of Energy.

A. DiscreteBOrdinates Method

One common approach to deterministic particle transport calculationsisthe discrete-

ordinates method [Koch et al. 1992; Lewis and Miller 1993]. This method for dis-

This thesis follows the style and format of The Journal of the ACM.



cretizing the prstBorder form of the transport equation discretizes the energy variable
E (usually using energy @roups®, the angular directions # (using a quadrature set),
and the spatial domain R (using a grid), and solves for the angular Bux $ of par-
ticles for each spatial cell r | R for each group g ! E and each direction d ! #.
The reaulting large system of equations is solved iteratively. In the best sequential
algorithm each iteration involves source formation, a transport sweep, and usually
an acceleration step. In three dimensions, the number of unknowns needed to ac-
curately characterize the transport solution can easily exceed 100,000 per particle
species per spatial cell in each iteration. For example, atrilinear discontinuous bnite-
element spatial discretization requires 8 unknowns per hexahedral cell, a standard
Si6 discrete-ordinates angular discretization has 288 unknowns, and a typical calcu-
lation might require 50 energy groups This rather ordinary discretization leads to
8" 288" 50 = 115,200 unknowns per cell per particle species per time step.

In a parallel implementation of the best sequential algorithm, the most di! cult
step of a discrete-ordinates computation is the transport sweep which involves an
orderedtraversal of the spatial grid in ead direction of particle travel (i.e., a sweep
for each d ! #). In this thesis, we address the particular, but important, case of
regular orthogonal grids. In this case, there are only eight distinct sweep orderingsin
three dimensions corresponding to the diagonal planes sweeping the grid from each
of the corners. That is, if all directionsin a given octant are processed togeher, then
eight distinct sweeps through the orthogonal spatial grid must be performed in each
iteration. Although each such sweep is sequential in nature, all spatial cells on the
diagonal sweep plane are independent and can be processed in parallel.

The e cient paralle implementation of the transport sweeps is the key to par-
allelizing the best sequential algorithm for solving the discretebordinates equations.

As the sweeps themselves must be performed in a particular order (dictated by the
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Fig. 1. Example base grids. Figure (a) is a diagram of an example base grid (x = y =
z = 16). Figures (b), (c), and (d) demonstrate how KBA (!x = !y = 4,1, = 1,p= 16),
Volumetric (! x = !y =1!,=2p=8),and Hybrid (! y = !y = 4,1, = 2,p= 32) partition
the base grid in (a) into 16, 8, and 32 spatial cells, respectively.

direction of particle travel), the main controllable parameter is the mapping of the
gpatial domain onto the processors, i.e., which spatial cells are assigned to which pro-
cessors. Note that communication of data between dependent cells assigned to the
same processor will have essentially no cost. While it might appear that thisis an
instance of the standard domain decomposition problem (see, e.g., [Karypis and Ku-
mar 1995]),this is not the case. For example, an ideal domain decompostion would
partition an orthogonal grid into sub-domains that are as ObalaredOas possible in all

dimensions (since this minimizes boundary area, which directly corresponds to the

amourt of inter-procesor communication, as in Figure 1(c)). In cortrast, the Kochb



BakerbAloou"e (KBA) algorithm [Koch et al. 1992],which is commonly conddered to
bethe best parallel discrete-ordinates method for orthogonalgrids, partitions the grid
into columns (which in fact substantially increasedoundary area,as in Figure 1(b)).
Intuitively, the reason that classic domain decomposition methods do not work well
on this problem is due to the directional dependencies of the transport sweep, which

are not considered by classic domain decomposition methods.

B. Contribution

The key contribution of this thesis is a new general model that can be used to
compare the running times of trangort sweepson regulr orthogonal grids for any
regular mapping of the grid cells to processors. In particular, our mode accounts
for machine-dependent parameters such as computation and communication/ latency
costs (assumed congant for all grid cells) and is parameterized by p, the number
of processors; (X,Y, z), the dimensions of the underlying spatial transport grid; and
("x,"y,"2), the dimensions of the coarseBgrid processor overlay (which determines
the dimensions of the sub-domain assigned to each processor). Thus, our model can
be used to analyze and compare the €' ects of various spatial decompostions on the
running time of the transport sweep.

Insight obtained from the model yields the following contributions to the theory

of optimal transport sweeps on orthogonal grids.

¥ Our modd provides a theoretical basis that explains why, and under what
circumstances, the column decomposition of the current standard KBA algo-
rithm [Koch et al. 1992]is superior to the ®alancedOdecompostionOobtained

by classic domain decomposition techniques.

¥ Our model enables usto identify a new decomposition that proves to be almost



asgood as and often better than the current standard KBA method. We call
this new decomposition the Hybrid method because it incorporates positive

agects of both the KBA and the balanced decompostion.

¥ A more minor (but till potentially valuable) contribution of our work is a
theoretical expression for the optimal ®@lock size(parameter in the sweep method

(the number of cells a processor should process before communicating).

Sone of the results contained in this thesis appear in [Mathis et al. 2000].

C. Previous Work

To our knowledge this is the brd general model for transport sweeps on orthogonal
grids. Previous modeling €' orts have all concentrated on specibc methods of mapping
the spatial domain to processors. For example, the KBA algorithm hasbeen analyzed
in several papers [Baker and Alcou” e 1997; Koch et al. 1992]. A general predictive
performance model for wavefront algorithms implemented using message passing on
2bdinensional logical processor arrays is presented in [Hoise et al. 1998;Hoise et al.
1999]. The assumption of 2D logical processor arrays restricts the model to column
decompostions such asthe KBA method, where ours allows for 3D logical processor
topologies. Also, the mode does not allow for multiple simultaneous sweeps where
ours does. [Hoisie et al. 2000]extends the model of [Hoisie et al. 1999]to clusters of
SMPs using a uipeline with bottlenecksO abstraction, which is something that we
do not condder. The authors validate their model using Sweep3D [Owens 1999],a

benchmark implementation of the KBA method.



D. Outline of Thesis

Thisthesisis organized asfollows. In Chapter |1, we debPne parallel transport sweeps
on orthogonal grids for discrete-ordinates computations. We also introduce the three
gpatial decomposdtion methods analyzed throughout the thesis: the KBA column de-
composition, a Volumetric decomposition, and the Hybrid decomposition. In Chap-
ters 111DV we develop the modd. In Chapter VI we give theoretical results for our

model. Chapter VII summarizes our bPndings.



CHAPTER 11

TRANSPORT SWEEPS

Asmentioned in Chapter |, thetransport sweep isthemost di! cult step to parallelize
in the best sequential algorithm for solving the discrete-ordinates equations [Koch
et al. 1992; Lewis and Miller 1993]in deterministic particleBtransport calculations.
The discretebordinates method for solving the brd-order form of the transport equa-
tion discretizes the energy variable E (usually using energy @roups), the angular
directions # (using a quadrature set), and the spatial domain R (using a grid), and
solves for the angular Bux $ of particles for each spatial cell r | R for each group
g! E and each direction d! #. The angular Bux is debned such that its integral
over a spatial volume, energy interval, and cone of directions is the rate at which
particles are making tracks.

During ead iteration, an orderedtraversal through the spatial grid is performed
for each direction of particle travel (i.e., a sweepfor each d! #). A sweep of the
grid begins at one of the eight corners, depending on the direction desred. On an
arbitrary grid, there may be as many unique sweep orderings as there are directions
in #. However, for the orthogonal grids congdered in this thess, there are only eight
unique sweep orderings, one for each octant of directions. That is, if all directionsin
a given octant are processed together, then eight distinct traversals of the spatial grid
must be performed in each iteration. The sweep for a given octant progresses from its
starting corner aaoss the grid to the opposite corner following a diagonal trajectory
(Figure 2(a)). The condraining fador is that every cell behind a diagonal plane
must be calculated before any cell ahead of the diagonal plane can be calculated. To
simultaneoudly process all directionsd! #, thereis one sweep plane for each octant

of directions (Figure 2(b)). It would appear that this inherently sequential nature



(a) (b)

Fig. 2. Parallel sweeps on orthogonal grids. In (a) and (b) we show snapshots of
sweeps in progress for one sweep only and all distinct sweeps, respectively (x = y = z = 16,
i = 10).

of the sweep would seriously inhibit any paralle implementation of the basic sweep
algorithm. However, while the progress of the diagonal sweep plane is sequential,
every cell inside the sweep plane is independent of all other cells in the same plane.

Therefore, all cells in a sweep plane may be processed in parallel. Furthermore, the

sweeps for each direction are independent and can be processed in paralld.

A. Spatial Decomposition

The key factor determining the parallel e ciency of the sweeps is the mapping of
the gpatial domain onto the procesors, that is, the assgnmen of the spatial cells
to the processors. In this thesis, we develop a model that can be used to analyze
transport sweeps on regular orthogonal grids for any @egularOmapping of the grid
cellsto processors. While thetheory is general, our analysis will concentrate on three
di" erent methods for performing this decomposition: the column decomposition of

the KBA algorithm [Koch et al. 1992](which is the current standard), a Volumetric



method which uses a ObalaredOdecompostion (obtained by classic domain decom-
position techniques), and then a Hybrid approach that combines aspects of the brst
two methods. We have selected these three decompositions since they represent the
two extreme cases (the KBA® columns vs. the Volumetric® balanced sub-domains)
and an intermediate case (Hybrid).

Each method di" ers in the manner in which the underlying grid is partitioned

among the available processors. Consider the x " y" z grid shovn in Figure 1(a)
(where x, y, and z are the width, depth, and height of the grid, respectively) as the
base grid. The processor partitions can be represented as a coarse grid overlay. For
KBA (Figure 1(b)) each processor is allocated an x/#r)" y/#r)" Z set of spatial
cells of the base grid, where p is the number of processors. Alternatively, for the
Volumetric method (Figure 1(c)) each procesor operateson an x/% p"y/ # p" z/% P
set of gpatial cdls. For the Hybrid method (Figure 1(d)) eadh processor is given an
x/! p/2" y/! p/2" z/2 st.

Inter-procesor communication will be recuired to move data from an @pstrean®
cell on one processor to an adjacent @ownstreamOcell on another processor, where
which cells are upstream and downstream depends on the sweep direction. During
a sweep, each processor will calculate one or more cortiguous planesof cels in its
partition before it proceses the next set of celsin its partition and before the next
processor can process its adjacent set of cells. It isimportant to notethat thetimeto

process one block of cells is highly dependent on the partitioning method being used.
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CHAPTER 111

A GENERAL MODEL FOR PARALLEL TRANSPORT SWEEPS
In this chapter, we develop our performance model for sweeps in three-dimensional
x" y" zregular grids, where x, y, and z arethe width, depth, and height of the grid,
respectively. We will develop the model considering multiple simultaneous sweeps
(all octants of directions). The singleBsweep case (one octant of directions) is a
simplibcation of this general scenario.
It is useful to debne a function of coarse grid overlay structure based on the

number of processors and the partitioning method used:

E( p Py KBA
[ B
"= (x"y."2) = 4, ( pl2,” pl2,2) Hybrid, (3.1
Eo(#atp,%p,%_) Volumetric.

Here, "4, "y, and ", are the width, depth, and height of the coarse grid overlay,
respectively, such that ", " "y" ", = p. Notethat " isnot the number of cells each
processor is assigned, but rather the overall dimensions of the coarse grid overlay.
Now, in terms of ", each processor is allocated an x/" " y/"," z/", block of cells
of the base grid. Also, while we only show three cases, we note that " |adually

R
represents a family of %r) partitions correpondingto ("x,"y,";) = ( p/i, p/i,i),

i=12...%p

A. Completion Time

Thetotal tim erequired by the sweep algorithm, or completion time, T, isthe collective

sum of all computation and communication required on the critical path.
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T:-Rmm+-nmm- (3.2

B. Computation Time

The computation time is the summation of the computation required for each indi-
vidual step or work quanta, t;.

z/ kil x+ 1y

Tcomp = ti , (33)
where
k = block size (amount of computation done before communicating).

The upper limit of the summation is equal to the critical path length of the grid,
as partitioned by each method. This is the number of steps required to complete a
sweep of the underlying grid. Although the sweep does not proceed as a series of ®ulk
synchronouValiant 1990]steps, the summation is still a valid appraximation of the
computation required. The reason is that the limit of the summation represents a
critical path of work quanta that must be computed in order to complete the sweep.
Note that since the limit of the summation depends on ", and ", the critical path
length will depend on the chosen spatial decomposition.

We allow for plane blocking by introducing a block size parameter, k. When
k = 1, each processor® block partition will be equal to one plane of the base grid.
Increasing k will allow a processor to calculate multiple planesof its subdomain before
communicating. This can be advantageous since large messages can often be sent as
easily as small messages. Careful selection of k allows the procesors to calculatemore

grid cells before communicating, thus minimizing the time spent communicating and
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consequently minimizing the completion time. Intuitively, k should be small when
communication is inexpensive (it is not necessary to conserve messages when they
are free) and larger when communication is relatively expensive. Note that k hasa
natural upper limit of z/" ,, the number of planes in a processor@ partition.
Thetimetocompleteastep or work quanta isthetimetodo all local computation
for one block of cdlls in a processorOspartition. The amount of local computation
required is equal to the number of cellsin a block times the amount of work required

to compute one cell. These assumptions give us an expression for t;.

= Lk (34)

Xy

where

# = local computation (work per base grid cell),
I = sweep density (number of sweeps crossing a processor® partition).

The work per base grid cdll, #, is often referred to as the grind time in the transport
literature. The grind timeisthe €" ective time to update a spatial cell for one energy
group and onedirection. Note that it must be the cathat x $ ", andy $ ", s0
that the inequalities, x/"yx $ 1and y/", $ 1, hold. In other words, the width and
depth of a processor@ partition must be at least one.

Since we are developing the mode allowing for multiple smultaneous sweeps
of di" erent directions, a parameter must be included to account for the additional
computation involved. Specibcally, each processor will be required to sequentially
calculate every block in its partition through which a wavefrorn is passing in a given
step. In the singleBsweep case, thereis only one wavefront, so only one set of cellsin a
procesor@ partition is procesed at any given step. However, for d octants proceeding

simultaneoudy there can be asmany asd sets of cells. The! parameter is designed
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to include this information in the model. For example, the values we have chosen to

usein our analysis are

| §4 KBA,

g02 Volumetric & Hybrid.
The meaning of ! and the justipcations for the values choen for each method are
explained in detail in Chapter V. At this point it is worth noting that ! does not
necessarily equal d and may be di" erent for di" erent methods. Intuitively, since
Volumetric and Hybrid partition the grid horizortally, sweepsfor directions starting
at the top of the grid do not interferewith sweepsfor directions starting at the bottom
of the grid. Since KBA doesnot partition the grid horizortally, this will not be the

case.

C. Communication Time

The communication timeisthe summation of all outstanding communication required
to perform the trangort sweep. This assumption limits Teomm tO crossBprocessor

communication that cannot be pipelined.

g[k !x+&y+! z
Teomm = (1%39) L+ L (3.5

where
L = cost of interprocessor communication (Latency)
$ = fraction of communication that canbe hidden (0& $ & 1)

The upper limits of the summations are designed to individually capturethe €' ects of
communication latencies that might be hidden on particular architectures and those

that cannot be hidden on any architecture. For instance, assuming blocking commu-
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nications ($ = 0), a processor must wait for the communication event to complete
after computing a block of cells in its partition. This situation will occur z/ k times
(the number of blocks in a column of the grid). Alternatively, if nonEblocking com-
munications are available ($ ' 1), these communication events can be hidden. Note
that this term is dependent on the block size, k, but not at all on the partitioning
method used. This fact will become important when we try to calculate an optimal
block size. Therefore, the brst summation accounts for communication events that
may or may not be expensive, depending on the features of the communication sub-
system. The upper limit of the second summation is derived similarly. The second
summation is designed specibcally to explain the €' ect of communication latencies
that cannot be hidden, even if nonEblocking communication is available. There must
beat least ", + "y + ", of these, since there are at least this many cross processor
boundaries. Note that this quantity is greatest for KBA and least for Volumetric.
In fact, this is a lower bound on the number of communication events that cannot
be hidden that favors methods with ", > 1 (Volumetric and Hybrid). The actual
number may be larger depending on the method used and the number of directions
considered. However, as we will discuss in detail in Chapter VI, the model is precise
for both KBA and Hybrid. Also note that the limits of the summations are mutually
exclusive (i.e. no communication event is counted in both summations).

Practically, L represeris the amount of time it takesfor a mesageto pass from
one processor to another. The amount of time required for communication overall is
determined by $. If we assume we have access to only blocking communication prim-
itives, $ will be appraximately zero. That is, essentially none of the communication
can be hidden. After a processor computes one block it will produce a message con-
taining the results of the computation. Then it must wait until the message has been

consumed before continuing. However, if nonEblocking communication is available, $
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will be much larger, ideally approading one. In this case, after a processor computes
one block it may send the results and immediately start the next block.

Note that the amount of information communicated at each step also depends
on k. However, we allow a uniform cost for communication, regardless of the amount
of information. This assumption is based on the observation that the startup time
associated with sending a message often outweighs the transmission time. Also note
that this model is derived considering multiple smultaneous sweeps. Without this
assumption, therewould actually be more communication that cannot be hidden than
is accounted for by our model. This extra communication is related to the startup
time, that is the time it takes to get all the processors working. Basically, there is
some delay that cannot be hidden when data is sent to an idle processor. Our model
countsonly the startup costsincurred at the beginning of the computation. It may be
the case that additional OmrtupOcogs will be incurred during the computation. The
number of these @GegartsQsrelatedto the number of horizortal partitions, " ,, and the
size of the input grid, X, y, and z. The potential €" ects of this extra communication

on the partitioning methods will be explained further in Chapter VI.

D. Substitute and Reduce

Now, substituting the expressions for Teomp and Teomm iNto the summation and sim-

plifying gives us an expression for the completion time, T.

T= Tcomp + Tecomm

z/ k! x+!y g[k !x+&y+!Z

k=Y (1%$) L+ L
i=1 x Y i=1 i=1 (3.6)

(24"t "k D) + QBB + L+ "y + )
Xy

e L LD INC PN,

Xy X y

F#xy(



We bnd it useful to normalize the equation by dividing through by #.

= Yt e )+ %) (D)4

_ _ll +ll +
# Xy Ix y #(X Y

")

16

(3.7)
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CHAPTER IV

OPTIMAL BLOCK SIZE
The performance of any method can be tuned using the block size parameter, k.
Specibcally, we want to choose a k such that the completion time is minimized. The

optimal value of k (Kqp:) can easily be found by minimizing Equation 3.7 with respect

to k.
A= b+ ) %R
0= bey(= ) %A% ()
(1%$)(%)(ém) = !xy(".x.x..;y) (4.2)
G = (2P
= ()

Of course, we are only interested in positive integer values of koy. Therefore, Kop
should be rounded and we must be content with an almost optimal value of k. Note
that Ko depends on the number of processors used. This meansthat Koy can only be
chosen once the number of processors to be used is known. Also, since Ko, depends
on"y, and"y, aswell as!, Ky, Will be highly dependent on the method used.
Examples of the relationship between T/# (using Equation 3.7) and k for each
method for di" erent values of L/# (a machine parameter representing the relative
cost of communication vs. computation) are displayed in Figure 3 assuming block-
ing communications, $ = 0. The minimal values of T/# derived using Koy (from
Equation 4.1) are shown aslines on the threeEdimensional surfaces. In general, T/#

does not change much with k and it is generally best to choose a small value for k.
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However, as L/# increases (as communication becomes relatively more expensive), it
becomes advantageousto choose a dightly larger value of k, i.e., to have fewer (larger)
communications (recall our assumption that communication cost does not depend on
message size). This is particularly advantageous when using a very large number of
processors.

Theinformation in these bguresfollowslogically from Equation 3.7. For example,
let us assume that L/# is large (communication is relatively more expensive than
computation). In this stuation, the magnitude of L/# will increase the contribution
of the second and third (communication) termsin Equation 3.7. In order to decrease
the €'ect of L/# we deduce that it may be advantageous to increase k. However,
although increasing k will decrease the €" ect of the communication terms, it will also
increase the contribution of the Pra (computation) term. So, although we may want
to increase k, we will probably only increase k dightly. We see from Figure 3(g-i)
that thisisindeed the case. In fact, the only time it seems probtable to choose a very
large k iswhen ", and " are also very large, which also follows from Equation 3.7.

For another example, let usassumethat L/# issmall (communication isrelatively
inexpensive). Now, the magnitude of the communication terms will be much smaller
than the magnitude of the computation term. In this case, it will probably not be
useful to choose a very large k. Figure 3(a-c) conbrm our suspicions.

For nonbblaking communications, $ ' 1, ke is always one. This fact follows
from Equation 4.1. As $ approadesone, the term (1% $) approades zero, and
consequently ko, also approadies zero. However, the block size cannot be fractional
and it must be at least one. This fact also makes sense physically. If it does not cost
anything to send messages, why not send as many messages as one wishes? Selecting
the block size is designed to minimize the €" ect of communication on the completion

time and is therefore unnecessary if the €' ect of communication is already negligible.
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Normalized Completion Times for KBA (one sweep direction, x=y=z=256, L/w=1)

x 10°

10

Normalized Completion Time

Number of Processors

Block Size

(a)

Fig. 3. E"ect of k onthe normalized completion time. These 3D surfaces demonstrate
the el ect of the block size parameter k on the normalized completion times of KBA ((a),
(d), and (g)), Volumetric((b), (e), and (h)), and Hybrid((c), (f), and (i)). These plots are
for a sweep of a single direction in a cubic threeEdimensional spatial domain (x = y= z=
256) over 1 & k & 64. We look at three di! erent cases of the machine parameter L/",
representing machines where communication is relatively inexpensive (L/" = 1, (a-c)),
communication is moderately expensive (L/" = 10, (d-f)), and communication isrelatively
expensive (L/" = 100, (g-i)). The normalized completion times obtained using Kqpt are
traced out as lines on the 3D surfaces. All plots are for blocking communication (# = 0).
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Normalized Completion Times for Volumetric (one sweep direction, x=y=z=256, L/w=1)

x 10°

=
ol

=
o

ol

Normalized Completion Time

Number of Processors

Block Size

Fig. 3 Continued (b)
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Normalized Completion Times for Hybrid (one sweep direction, x=y=z=256, L/w=1)
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Normalized Completion Times for KBA (one sweep direction, x=y=z=256, L/w=10)
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Fig. 3 Continued (d)
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Normalized Completion Times for Volumetric (one sweep direction, x=y=z=256, L/w=10)
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Normalized Completion Times for Hybrid (one sweep direction, x=y=z=256, L/w=10)
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Fig. 3 Continued (f)
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Normalized Completion Times for KBA (one sweep direction, x=y=z=256, L/w=100)
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Normalized Completion Times for Volumetric (one sweep direction, x=y=z=256, L/w=100)
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Normalized Completion Times for Hybrid (one sweep direction, x=y=2z=256, L/w=100)
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CHAPTER V

SWEEP DENSITY
The ! function represents the number of distinct sweeps that must be computed on
each processor during each step. We could arbitrarily set ! equal to the number of
distinct sweeps being computed, but that would not accurately ref3ect the situation.
It is certainly not the case that every processor participates in each sweep at every
step. Therefore, we should derive an expression for ! that accours for the asymmetry

of the sweeps.

Rho vs. Timestep (all distinct sweeps)
10 T

- - KBA
9l -~ Volumetric ||
— Hybrid

Rho
ul

0 50 100 150 200 250 300
Timestep

Fig. 4. Calculation of !'. This plot shows values of $ for the case of all distinct sweep
directions, one for each octant of directions, in three dimensions. Here we see that KBA
typically has a $ equal to the number of directions, while Volumetric and Hybrid typically
have $ values equal to one half of the number of directions. This example assumes a
representative grid of sizex = y = z = 256 with p = 64 processors.

The exact value of ! for any individual step can easily be determined by inspect-
ing the grid. For a given step, ! is precisdly the maximum number of wavefronts
crossing any processor@ partition. We can use this method of inspection to calculate

values of | for every step for each method. The results for a representative grid are

displayed in Figure 4.
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It is clear from these bgures that ! follows a regular and predictable pattern.
Most of the time is spent on the plateau represerting the steady-state operation of
the sweep. The values of ! that we use above in Equation 3.4 are the steady-state
values. The remainder of the time is spent in either pipeline bll or empty stages. It
isworth noting that the amount of time spent in these stages is less for Volumetric
and Hybrid than for KBA. The startup time for a method is related to the sum
of the dimensions of the coars grid overlay, ", + "y + ",. So, Volumetric should
have the shortest startup time, KBA should have the longest, and Hybrid should
fall somewhere in between. We see from Figure 4 that thisisindeed the case. Note
that Volumetric seems to have some di! culty keeping its pipeline full. These are
the restarts mentioned in Chapter 111 that our model does not account for. For the
validity of our results, it is important to note that KBA and Hybrid do not have
any regarts. In particular, KBA does not have any redarts becaue it has only
one horizontal partition. Hybrid does not either because, even though it has two
horizontal partitions, all the processors are already busy by the time the boundary
between the horizontal partitions is reached. The potential €"ects of these restarts
will be explained further in Chapter VI.

During steady-state operation, the ! value for Volumetric and Hybrid is (gener-
ally) half that of KBA. The reason for thisis that both of these methods subdivide
the grid horizontally aswell asvertically, while KBA does not. T herefore,wavefrons
crossing the top of the grid will not interferewith wavefronts crossing the bottom of
the grid, and ! can be at most half the total number of wavefronts. Alternatively,
since KBA does not subdivide the grid horizontally, ! must be at least half the total

number of wavefronts and is generally equal to the number of wavefrons.
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CHAPTER VI

THEORETICAL RESULTS

Normalized completion times using Equation 3.7 for a variety of grid sizes, latencies,
and number of directions are displayed in Figures 5-6. For these graphs we assume
we have blocking communications ($ = 0). The behavior of the models with non-
blocking communications ($ ' 1) is similar. Each method is plotted out until it
cannot use any more procesors. After that point it is plotted using the maximum
number of processorsit can use. KBA can useup to x" y processors, Volumetric can
use up to x2" y processors, and Hybrid can use up to 2" X" y processors. In each
scenario, Kqp: is chosen individually for each number of processors using Equation 4.1.
The Ko Values displayed next to the method names in the legend are the largest
values of Koy used by that method for any number of processors. We look brst at a
single sweep (for one octant of directions) and then at multiple sweeps (one for each
octant of directions).

For one direction (Figure 5) KBA does very well, as we expect. Although the
other methods usually surpass KBA for higher values of p, KBA does better over the
lower, more reasonable values of p. This follows from Equation 3.7. Badcally, since
I' = 1 for all methods, the advantage of having a lower ", and ", (which decreases
the €' ect of the second and third terms) does not outweigh the advantage of having
a higher ", and ", (which decreases the €"ect of the brst term). Also notice that
Hybrid and Volumetric catch up with KBA fager when L/ # is large (communication
is relatively expensive). This also predicts that the cost of local computation, #,

would have a greater impact on KBA than the other methods.
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Normalized Completion Times (one sweep direction, x=y=z=256, L/w=1)
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Fig. 5. Sweepsin onedirection only. These plots consider a sweep of a single direction
in a cubic threeBdimensional spatial domain (x = y = z = 256, ((a), (d), and (g)), X =y =
z = 128, ((b), (e), and (f)), and x = y = 128, z = 1024, ((c), (f), and (i))) and study the
relative performance of the three decomposition methods analyzed (KBA, Volumetric, and
Hybrid) for three di! erent cases of the machine parameter L/" , representing machineswhere
communication is relatively inexpensive (L/" = 1, (a-c)), communication is moderately
expensive (L¢/" = 10, (d-f)), and communication is relatively expensive (L/" = 100, (g-
i)). All plots are for blocking communication (# = 0).
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Normalized Completion Times (one sweep direction, x=y=z=128, L/w=1)
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Normalized Completion Times (one sweep direction, x=y=128, z=1024, L/w=1)
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Normalized Completion Times (one sweep direction, x=y=z=256, L/w=10)
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Normalized Completion Time

Normalized Completion Times (one sweep direction, x=y=z=128, L/w=10)
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Normalized Completion Times (one sweep direction, x=y=128, z=1024, L/w=10)
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Normalized Completion Time

Normalized Completion Times (one sweep direction, x=y=z=256, L/w=100)
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Normalized Completion Times (one sweep direction, x=y=z=128, L/w=100)
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Normalized Completion Times (one sweep direction, x=y=128, z=1024, L/w=100)
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Normalized Completion Times (all sweep directions, x=y=z=256, L/w=1)
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Fig. 6. Sweepsin all directions. These plots consider a sweep in all simultaneous di-
rectionsin a cubic threebdimensional spatial domain (x = y = z = 256, ((a), (d), and (g)),
x=y=1z= 128 ((b), (¢),and (f)),and x = y = 128, z = 1024, ((c), (f), and (i))) and study
the relative performance of the three decomposition methods analyzed (KBA, Volumetric,
and Hybrid) for three di! erent cases of the machine parameter L/" , representing machines
where communication is relatively inexpensive (L/" = 1, (a-c)), communication is moder-
ately expensive (L/" = 10, (d-f)), and communication is relatively expensive (L/" = 100,
(g-i)). All plots are for blocking communication (# = 0).
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Normalized Completion Times (all sweep directions, x=y=z=128, L/w=1)
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Normalized Completion Times (all sweep directions, x=y=128, z=1024, L/w=1)
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Normalized Completion Time

Normalized Completion Times (all sweep directions, x=y=z=256, L/w=10)
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Normalized Completion Times (all sweep directions, x=y=z=128, L/w=10)
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Normalized Completion Time

Normalized Completion Times (all sweep directions, x=y=128, z=1024, L/w=10)
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Normalized Completion Times (all sweep directions, x=y=z=256, L/w=100)
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Normalized Completion Time

Normalized Completion Times (all sweep directions, x=y=z=128, L/w=100)
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Normalized Completion Times (all sweep directions, x=y=128, z=1024, L/w=100)
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Table!l. Summary of di" erences between KBA and Hybrid.

X y z

KBA |8 #r) #r) 1
R N

Hybrid | 4 p/ 2 p/2| 2

For multiple directions (Figure 6) the Hybrid method is always better than KBA.

Now, having a higher ", and ", (which decreases the €"ect of the brst term) does

not pay 0" because it comes at the cost of a higher !.

In this situation we seethat

the Hybrid and Volumetric methods do much better, although Volumetric is still

not generally useful. One may wonder, (Does Hybrid always beat KBA in multiple

directions?OTo see that it does we will look at the ratio of the models for KBA over

Hybrid. If theratio is greater than one, then Hybrid will always outperform KBA.

In order to compare the models for the two di" erent methods we must be able

to express onein terms of the other. Table | summarizes the di" erences between the

parametersof KBA and Hybrid. Fortunately, ", "y, and ", for KBA can be easily

expressed in terms of Hybrid® parameters.

n KBA — #éll Hybrid
X - X

n KBA — #éll Hybrid
y y

n KBA — }llHyuid
z 2 z

We also need to express Ko, for one method in terms of ko for the other method.
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T his can be accomplished using Equation 4.1. Note that ", "y, and ", arefor Hybrid.

((1%$)(L/#)z)(ﬁ2"2" @"y)

Ger Z,
KT %) (L )z, "oy
( 4xy )("X + "y)
1
= 573
T herefore,
1
2% = ki

Now we can begin to look at the ratio of the two models. Since there are three major
terms in Equation 3.7, we will look at eat term individually. If the ratios for each
term are greater then one, then the ratio for all three terms together would also be

greater than one. Note that in addition to ", "y, and " ,, Koy is for Hybrid as well.

Firg Term:
k k
"Z" + opt + opt
T}%BA _ 8Xy(2 X'y 23/4u 23/4uy)
I =
(u le + 2 1] kopt + 2 [ kopt) (61)
- Xy X y
YA + kopt + kopt)
n Xll y " X n y
> 1
Second Term:

0 L 21/42

TI%BA (1 /0$)#_( kopt )
T? i 0 Lz

Hybrid (1 /0$)#_(k0?)

- 21/4

(6.2)

>1
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Third Term:
#H_ #_
Tdea _ L/#( 25+ 2"+ %"Z)
T3 ybrid LI#("x+"y+ ") 6.3)
— ( 2”X+ 2"y+ %"Z)
"yt ")

which is greater than oneif ", + " > % ' 2.4. Thisis true for all but the mog
trivial examples (i.e. p & 2). Therefore,Hybrid will always perform better than KBA
for multiple simultaneous sweeps.

We now return to the issue of the extra communication or @estartsOmentioned
in Chapter I11. For KBA there is only one horizontal partition, ", = 1, so the mode
iscorrect for KBA in either the single sweep case or the multiple simultaneous sweeps
case. We seein the single sweep case that KBA usually doesthe best. Thisisin spite
of the fact that Hybrid and Volumetric actually benebtfrom the omission of Oresrts O
in our model. Therefore, if we were to include redarts, the relative performance of
the di" erent partitioning methods would not change. KBA would perform the same
and Hybrid and Volumetric would only g& worse.

In the multiple simultaneous sweeps case we see that Hybrid is always better
than KBA. Does this result still hold if we count restartsin our model? Recall that
we developed our model for the case of multiple simultaneous sweeps. In this case
Hybrid doesnot have any redarts becaug the procesors on the top (bottom) of the
grid are already busy whenthe procesors on the bottom (top) of the grid are readyto
communicate data with them. Therefore, the model is accurate for KBA and Hybrid
in the multiple directions case and the relationship between the two methods till
holds. Volumetric on the other hand may have some restarts even in the multiple
simultaneous sweeps case. However, Volumetric is not competitive with the other

methods and including restarts would only serve to decrease its performance.
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CHAPTER VII

CONCLUSION

The key contribution of thisthesisisa new general model which can be used to predict
the running time of parallel sweepson orthogonal grids for any regular mapping of
the grid cellsto processors. In particular, our model accounts for machine-dependent
parameters such ascomputation and communication/late ncy costs (assumed congant
for all grid cells) and is parameterized by p, the number of processors, (X,Y, z), the
dimensions of the underlying spatial transport grid, and (" ,"y," ;), the dimensions of
the coarse grid processor overlay (which determines the dimensions of the sub-domain
assigned to each processor). Thus, our modd can be used to analyze and comparethe
€" ects of various spatial decompositions on the running time of the transport sweep.

Insight obtained from the model yields the following contributions to the theory

of optimal transport sweeps on orthogonal grids.

¥ Our modd provides a theoretical basis that explains why, and under what
circumstances, the column decomposition of the current standard KBA algo-
rithm [Koch et al. 1992]is superior to the ®alancedOdecompostionOobtained

by classic domain decomposition techniques.

¥ Our model enables usto identify a new decomposition that provesto be almost
as good as and often better than the current standard KBA method. We call
this new decomposition the Hybrid method because it incorporates positive

agects of both the KBA and the balanced decompostion.

¥ A more minor (but ill potertially valuable) contribution of our work is a
theoretical expression for the optimal ®@lock sizeQparameter in the sweep method

(the number of cells a processor should process before communicating).
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The methods we have analyzed represent a family of algorithms for three dimen-
sional sweeps. Given an input grid and a parallel computer system (i.e., number of
processors and estimates of computation and communication costs for each grid cell),
one can select the best method for the given conbguration. Furthermore, one can
minimize the completion time by selecting an optimal block size. Future work on this

subject will involve correctly accounting for restartsin the execution of the transport

sweep.
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