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Abstract

Decompositionis a techniquecommonlyusedto partitioncomplex modelsinto simplercomponents.While decompo-
sition into convex componentsresultsin piecesthatareeasyto process,suchdecompositionscanbecostlyto constructand
canresultin representationswith anunmanageablenumberof components.In this paper, we exploreanalternative parti-
tioning strategy that decomposesa given modelinto “approximatelyconvex” piecesthat may provide similar bene�ts as
convex components,while theresultingdecompositionis bothsigni�cantly smaller(typically by ordersof magnitude)and
canbecomputedmoreef�ciently . Indeed,for many applications,anapproximateconvex decomposition(ACD) canmore
accuratelyrepresentthe importantstructuralfeaturesof themodelby providing a mechanismfor ignoring lesssigni�cant
features,suchassurfacetexture. We describea techniquefor computingACDs of three-dimensionalpolyhedralsolidsand
surfacesof arbitrarygenus.We provide resultsillustrating that our approachresultsin high quality decompositionswith
veryfew componentsandapplicationsshowing thatcomparableor betterresultscanbeobtainedusingACD decompositions
in placeof exactconvex decompositions(ECD) thatareseveralordersof magnitudelarger.
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Figure1: Theapproximateconvex decompositions(ACD) of theArmadillo andtheDavid modelsconsistof a smallnumberof nearly
convex componentsthatcharacterizethe importantfeaturesof themodelsbetterthantheexactconvex decompositions(ECD) thathave
ordersof magnitudemorecomponents.TheArmadillo (500K edges,12.1MB)hasa solid ACD with 98 components(14.2MB) thatwas
computedin 232 secondswhile the solid “ ECD” hasmore than726,240components(20+ GB) andcould not be completedbecause
disk spacewasexhaustedafternearly4 hoursof computation.TheDavid (750K edges,18MB) hasa surfaceACD with 66 components
(18.1MB)while thesurfaceECD has85,132components(20.1MB).

1 Intr oduction

Onecommonstrategy for dealingwith large, complex modelsis to decomposetheminto componentsthat areeasier
to process.Many differentdecompositionmethodshave beenproposed– see,e.g., Chazelleand Palios [6] for a brief
review of somecommonstrategies. Of these,decompositioninto convex componentshasbeenof greatinterestbecause
many algorithms,suchascollision detectionandmeshgeneration,performmoreef®ciently on convex objects. Convex
decompositionof polygonsis a well studiedproblemandhasoptimalsolutionsunderdifferentcriteria;see[17] for a good
survey. In contrast,convex decompositionin three-dimensionsis far lessunderstoodand,despitethepracticalmotivation,
little researchonconvex decompositionof polyhedrahasgonebeyondthetheoreticalstage[5].

A major reasonthat convex decompositionsof polyhedraarenot usedmoreextensively is that they arenot practical
for complex models– an exact convex decomposition(ECD) canbe costly to constructandcanresult in a representation
with anunmanageablenumberof components.This is truefor bothsolid decompositions,which consistof a collectionof
convex volumeswhoseunion equalsthe original polyhedron,andsurfacedecompositions,which partition the surfaceof
thepolyhedroninto acollectionof convex surfacepatches.For example,asolid ECD of thearmadillomodelhasmorethan
726,240componentsanda surfaceECD of the David modelhas85,132components(seeFigure1). Similar statisticsfor
additionalmodelsareshow in Table1 in Section7.

Our Approach. In this work, we explore a partitioningstrategy that decomposesa polyhedroninto “approximately
convex” pieces.Ourmotivationis thatfor many applications,theapproximatelyconvex componentsof this decomposition
providesimilarbene®tsasconvex components,while theresultingdecompositionis bothsigni®cantlysmaller(typically by
severalordersof magnitude)andcanbecomputedmoreef®ciently. Theseadvantageshave beenproventheoreticallyand
experimentallyfor planarpolygonsby Lien andAmato[21]. In this paperwe show that,unlike ECD, it is feasibleto apply
theconceptof approximateconvex decomposition(ACD) to three-dimensionalpolyhedra.In particular, wedescribe

� practicalmethodsfor computingasolidor surfaceACD of apolyhedronof arbitrarygenus.

Ourgeneralstrategy is to iteratively identify themostconcave feature(s)in thecurrentdecomposition,andthento parti-
tion thepolyhedronsothattheconcavity of theidenti®edfeaturesis reduced.This processcontinuesuntil all components
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Figure2: Examplesof shapedecompositionusingACD. Theconvex hullsof thecomponentsof thedecompositionarealsoshown.

in thedecompositionhave acceptableconcavity, i.e., until they areconvex `enough,' which is a tunableparameter. While
this follows the generalapproachusedsuccessfullyfor polygons,thereareseveral operationsthat werestraightforward
for polygonsbut which becomenontrivial for polyhedra.Themainchallengesincludecomputingtheconcavity of features
ef®ciently andresolvingconcave featuresto generatea smallandhigh quality decomposition.To dealwith thesetechnical
challengesin 3D, we introduceanew technique:

� approximatefeaturegrouping, thatenablessetsof featuresto beprocessedtogether, which is bothmoreef®cientand
producesbetterresults.

Wedemonstratethefeasibilityof ourapproachby applyingit to anumberof complex models;seeFigure1 andTable1.
In general,evenfor verycomplex models,theACDshavevery few components,typically severalordersof magnitudefewer
thantheECDs. Thesize(memory)andcomputationaltimearealsosigni®cantlyless,particularlyfor thesolid ACDs.

Applications of ACD. In many applications,the detailedfeaturesof the modelarenot crucial andin fact considering
themcould serve to obscureimportantstructuralfeaturesandaddto the processingcost. In suchcases,an approximate
representationof themodel,suchasour proposedACD, thatcapturesthekey structuralfeatureswould bepreferable.For
example,the ACDs of the Armadillo andthe David modelsin Figure1 identify anatomicalfeaturesmuchbetterthanthe
ECDs. Otherapplicationsof ACD includeshaperepresentation(Figure2), motion planning(Figure3), meshgeneration
(Figure4), andpoint location(Figure5).

Outline. We begin with preliminary de®nitionsin Section2. In Section3, we give an overview of ACDand then
describeseveralchallengesof extendingthepolygonalapproachto three-dimensions.WethendescribeACD for genuszero
polyhedra(Section4) andfor polyhedraof arbitrarygenus(Section5). We presentapplicationsandresultsin Sections6
and7, respectively.

2 Preliminaries

A modelP in R2 or R3 is representedby asetof boundaries¶P. Theconvex hull of amodelP, HP, is thesmallestconvex
setenclosingP. P is saidto beconvex if P = HP. Featuresof P (verticesin R2 andedgesin R3) arenotches(non-convex
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Figure3: A dif�cult motion planningproblem(a) in which the robot is requiredto passthrougha narrow passageto move from the
startto thegoal. In (b), a uniform samplingof 200collision-freecon�gurationsfails to connectthestartto thegoal. In contrast,in (d),
placing200samplesaroundtheopeningsof theACD of theenvironment(c) successfullyconnectsthestartto thegoal.Thesolutionpath
is shown in (a). Seè Motion planning' in Section6 for detail.

(ACD) (tetrahedralmesh) (deformation)

Figure 4: A tetrahedralmeshis generatedfrom the (simpli�ed) convex hulls of ACD components.The rightmost �gure shows a
deformationusingthismesh.

features)if they have internalanglesgreaterthan180� . We sayPi is a componentof P if Pi � P. A setof componentsf Pig
is adecompositionof P if their unionis P andall Pi areinteriordisjoint, i.e., f Pig mustsatisfy:

D(P) = f Pi j [ iPi = P and8i6= jP
�
i \ P�

j = /0g; (1)

whereP�
i is theopensetof Pi . A convex decompositionof P is adecompositionof P thatcontainsonly convex components.

For someapplications,consideringonly themodel's surfaceis of interest.We sayPi is a convex surfacepatch of P if
Pi � ¶P andliesentirelyon thesurfaceof its convex hull HPi , i.e.,Pi � ¶HPi [5]. A convex surfacedecompositionof P is a
decompositionof ¶P containingonly convex surfacecomponents.

Concavity . In contrastto measureslike areaandvolume,concavity doesnot have a well acceptedde®nition. A few
methodshave beenproposedthatattemptto de®neandmeasuretheconcavity of polygons[25, 21]. To our knowledge,no
concavity measurehasbeenproposedfor polyhedra.

AlthoughACD is not restrictedto aparticularmeasure,all themeasuresweconsiderin thiswork de®netheconcavity of
amodelP asthemaximumconcavity of its boundarypoints,i.e.,

concave(P) = max
x2¶P

f concave(x)g ;
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Figure5: Snapshotsof particlesystemwith 10000particlesusingthefull modelandconvex hullsof ACD components.Whichsimulation
is generatedwith ACD? Here,usingthe ACD insteadof the full model is 2 timesfasteranddoesnot introducenoticeableerrors. See
`Pointlocation' in Section6 for details.(Thelower row usesACD.)

wherex arethe verticesof P. An importantconsequenceof this decisionis that now we canusepointswith maximum
concavity to identify importantfeatureswheredecompositioncanoccur. This would not be thecaseif we chooseto sum
concavities or usetheconvexity measurementin [28], wheretheconvexity of amodelP is de®nedas volume(P)

volume(HP) .

Measuring Concavity . Intuitively, onecanthink of theconcavity asthe lengthof thepathtraveledby a point x 2 ¶P
during the processof in�ating a balloonstartingfrom P's shapeuntil it assumesthe shapeof HP. Althougha physically
basedsimulationof this balloon expansion[18] canbe expensive, we will show later that x's traveling distancecanbe
ef®ciently approximated.

In particular, ourconcavity measuresusetheconceptsof bridgesandpockets. Bridgesareconvex hull facetsthatconnect
non-adjacentverticesof ¶P, i.e.,BRIDGES(P) = ¶HP n¶P. Pocketsaretheportionof theboundary¶P that is not on the
convex hull boundary¶HP, i.e.,POCKETS(P) = ¶Pn¶HP.

Becauseconcave features,i.e.,notches,canonly befoundin pocketswemeasuretheconcavity of anotchx by

� associatingeachbridgewith auniquepocket,and
� computingthedistancefrom x to its associatedbridgebx, i.e.,concave(x) = dist(x;HP) = dist(x;bx).

For polygons,thereis a naturalone-to-onebridge/pocket matchingthatcanbeobtainedeasily. Also, in this case,Lien
andAmato [21] proposedtwo practicalmethodsto computethe concavity: SL- andSP-concavity. SL-concavity is the
straight-linedistanceto the bridge. SP-concavity is the lengthof the shortestpathto the bridgewithout intersectingthe
polygon.

Unfortunately, thetechniquesusedfor polygonsdonotextendeasilyto three-dimensions.In particular, thereis notrivial
one-to-onebridge/pocket matchingandso we mustde®neoneanddevelop methodsfor computingit. In addition,while
SL-concavity canstill becomputedef®ciently, thebestknown methodsfor computingshortestpathson polyhedrarequire
exponentialtime[24] andevenmethods[7] thatapproximatetheshortestpathsaretooinef®cientto beusedin ourapproach.

3 ApproximateConvexDecomposition

The goal of approximateconvex decomposition(ACD) is to generatedecompositionswhosecomponentsareapproxi-
matelyconvex. We estimatehow convex a componentis usingtheconcavity of thecomponent.For a givenmodelP, P is
saidto bet -approximateconvex if concave(P) < t , whereconcave(r ) denotestheconcavity measurementof r andt is a
tunableparameterdenotingthenon-concavity toleranceof theapplication.A t -approximateconvex decompositionof P,
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ACDt (P), is de®nedasadecompositionthatcontainsonly t -approximateconvex components;i.e.,

ACDt (P) = f Pi j Pi 2 D(P) andconcave(Pi) � t g: (2)

Thus,anACD0 is simplyanexactconvex decomposition.

Ourgeneralstrategy for computingACDs followstheapproachfor polygons.Brie�y , anACD is generatedby recursively
removing (resolving) concave featuresin orderof decreasingsigni®cance,i.e., concavity, until all remainingcomponents
have concavity lessthansomedesiredbound.Thisstrategy is outlinedin Algorithm 1.

Algorithm 1 ACD(P, t )
Input. A model,P, andtolerance,t .
Output. A decomposition,f Pig, suchthatmaxf concave(Pi)g � t .

1: if concave(P) < t then . seeSections4.1and5
2: returnP
3: else
4: Let x bea feature(notch)realizingconcave(P)
5: f Pig = resolve(P;x) . seeSections4.2and4.2
6: for eachcomponentf Pig do
7: ACD(Pi ,t )

Thetwo mainoperationsrequiredin Algorithm 1 for ACD are:

� measuringtheconcavity of a feature(s),and
� resolvingspeci®edconcave feature(s).

Theapproachoutlinedabove is thesamestrategy appliedto computeACDs for polygons[21]. For a givenpolygonP,
theconcavity of notchesx of thepolygonP arecomputedusingSL- or SP-concavity describedin Section2. Then,a notch
x is resolvedby addinga diagonalfrom x to ¶P suchthatthedihedralangleof x is lessthan180� . Figure6 shows anACD

of apolygon.

(a) (b) (c)

Figure6: (a) The initial Nazcamonkey has1,204verticesand577notches.(b) An ACD has126componentswith SL-concavity less
than0.5,and(c) A minimumconvex decompositionhas340convex components.

3.1 Challengesin Extending to Thr eeDimensions

In thissection,wediscussthechallengesof measuringandresolvingconcave featuresof polyhedra.

Measuringconcavefeatures. Therelationshipbetweenpocketsandbridgesisnolongeravailabledirectlyfor polyhedra.
The problemof obtainingthe bridge/pocket relationshipis closelyrelatedto the problemof spherical[22] andsimplical
[19] parameterization.However, meshparameterizationis costlyto compute.Polyhedronrealization[23] thattransformsa
polyhedronP to a convex objectH canbecomputedef®ciently, but H is generallynot theconvex hull of P andcannotbe
determinedbeforeperformingthetransformation.

Resolvingconcave features. The notch-cuttingstrategy [4] that splits a polyhedronwith a cut planecanbe usedto
resolve notchesin Algorithm 1. Thedetailsof this notch-cuttingstrategy arediscussedin [1]. Figures7(a)(b)illustratean
ACD usingcutplanesthatbisectdihedralangles.
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A dif®culty of this approachis selectingªgoodºcut planes.For example,in Figure7(c), carefullyselectedcut planes
can generatefewer componentsthan cut planesthat simply bisectthe dihedralanglesof notches. Unfortunately, good
strategiesfor ®nding cut planesthat producefewer and/orstructurally more meaningfulcomponentsarenot well known.
Joe[14] proposedanapproachto postponeprocessingnotcheswhoseresolutionwould producesmall components,but it
hasproblemswith largemodels.

Our solution: feature grouping. Justas ACD provides an approximationthat is more practicalthan ECD, we will
addressthe challengesmentionedabove using approximationsthat are more tractable,and in somecases,also provide
moremeaningfulsolutions.In particular, for bothmeasuringandresolvingconcavities,we usea techniquewe call feature
grouping to collect setsof similar andadjacentfeaturesthat canbe processedtogether. Featuregroupingis both more
ef®cientandcanimprove solutionquality.

For measuringconcavity, by allowing bridgesto be formedfrom convex hull patchesinsteadof a singleconvex hull
facet,wecanbothdramaticallyreducethenumberof bridgesaswell asdecreasethecostof computingthepocket to bridge
matching.As wewill seein Section4.1,bridgepatchescanbeusedto provideaconservative measureof concavity.

Resolutionof concavity canalsobeimprovedby consideringfeaturesetsratherthanindividual featureswhendetermin-
ing cut planesto resolve notches.As discussedin Section4.2. thequality of thedecompositioncanbegreatlyimproved
whenthecutplaneis de®nedwith respectto anotchset.

(a) (b) (c)

Figure7: Resolvingconcavity (a)usingacutplanethatbisectsadihedralangleresultsin (b) adecompositionwith 10componentswith
concavity � 0:1. In contrast,(c) carefullyselectedcutplanesgenerateonly 4 componentswith concavity � 0:1.

4 ACD of Polyhedra without Handles

We®rst discussourstrategy for computinganACD of agenuszeropolyhedron.Thisstrategy will beextendedto handle
polyhedrawith non-zerogenusin thenext section.

4.1 Measuring ConcaveFeatures

Recallthatwe de®netheconcavity of a vertex x asthedistancefrom ¶P to theconvex hull boundary. Sincethereis no
unambiguousmappingfrom notchesto convex hull facetsin 3D astherewasin 2D, we®rst mustde®neone.

Our startegy to matchbridgeswith pocketsis to identify pocketsby projectingconvex hull edgesto the polyhedron's
surface.Theprojectionof aconvex hull edgee is apathon thepolyhedron's surface¶P connectingtheendpointsof e; we
computethepathson ¶P usingDijkstra's algorithm. After theconvex hull edgesareprojected,thesetof all (connected)
polyhedralfacetsboundedby theprojectededgesformsa pocket. SeeFigure8. After matchingbridgeswith pockets,we
measuretheconcavity of x in pocket r asthestraightline distanceto thetangentplaneof r 'sassociatedbridgeb.

Feature grouping: bridge patches– a conservative estimation. Findingpocketsfor all facetsin ¶HP canbecostly
for large models. It turnsout we canreducethis costandstill provide a conservative estimateof concavity by grouping
clustersof `nearly' coplanarandcontiguousfacetsto form a bridge patch (or simply a bridge) on ¶HP. We thendesignate
a “supporting” planethatis tangentto ¶HP asa representative planefor all facetsin thebridgeandcomputetheconcavity
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of avertex asthedistanceto thesupportingplaneof its bridge.Thebridgepatchescanbeselectedsothatthedistancefrom
all facesin thebridgepatchto thesupportingplanewill beguaranteedto bebelow sometunablethresholde. For example,
whene = 0:05,only 20bridgesareidenti®edfor themodelin Figure8 whichhas4,626facetson its convex hull.

It is importantto notethattheestimatedconcavity measurementcomputedthisway is alwaysgreaterthan(in anamount
lessthane) or equalto theconcavity measuredasconvex hull facetsareprojectedindividually. Therefore,theestimated
concavity is anupperboundfor theactualconcavity.

Oneway to computebridgepatchesis from an outerapproximationof a polyhedron.Herewe useLloyd's clustering
algorithmadaptedfrom [8] to identify bridgesandto ensurethat the maximumdistancefrom the includedfacetsto the
supportingplaneis lessthane. Detailsregardingthis processarediscussedin AppendixA. For all examplesin this paper,
wesete = t =2.

(bridges) (pockets) (concavity)

Figure8: An identi�ed bridge/pocketpair. Therightmostmodelis shadedsothatdarkerareasindicatehigherconcavity.

internal

opening

external

external

q

p

q

p

Polygonal surfacesACD. In mostcases,the previously mentionedconcavity measurecan
handlesurfaceswith openingsnaturally. Thecasethatrequiresmoreattentionis whenasurface
ªexposesºits internalsideto thesurfaceof theconvex hull, e.g.,thesurfaceon theright. The
internalsideof a surfaceis exposedto theconvex hull surfaceif andonly if at leastoneof the
convex hull verticesis concave. A convex hull vertex p is concave if its outwardnormalsonthe
convex hull andon thesurfacearepointingin oppositedirections.Thepoint p (resp.,q) in the
®gureabove is concave (resp.,convex).

Now, wecancomputethepocketof abridgeb from theprojectionof b 'sboundary¶b. Let
ebeanedgeof ¶b. If e's verticesare

� bothconvex, projecteasbefore,
� bothconcave, ehasnoprojection,
� oneconvex, oneconcave, e's projectionis thepathconnectingtheconvex endto theopening,e.g.,theedgepq in the

®gure.

(a) identifyingknots (b) computingpocket cuts (c) extractingglobalcuts (d) splitting themodel

Figure9: Theprocessof groupingandresolvingconcave features.(a) Knots (markedby spheres)from oneof thepockets. (b) Knots
from all pocketsanda pocket cut (shown in thick lines)connectinga pair of knots.(c) Globalcuts(thick lines)andthegraphsGK . (d)
Solid (left) andsurface(right) decompositionsusingtheidenti�ed globalcuts.
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4.2 ResolvingConcaveFeatures

Whenresolvingconcave features,the conceptof featuregroupingallows us to betterprioritize concave featuresfor
resolutionandalsoresultsin a smallerandmoremeaningfuldecomposition.We ®rst describeour methodfor grouping
features,andthenshow how thegroupsareusedto selectcutplanesto partitionthemodel.

Feature grouping: global cuts. Our strategy of groupingconcave featuresis a bottom-upapproachin which critical
points,calledªknotsº, on the boundaryof eachpocket areconnectedinto local featuresets,calledªpocket cutsº, which
are thengroupedto form global featuresets,called ªglobal cutsº. This bottom-upapproachattemptsto (i) avoid high
computationalcomplexity, e.g.,groupingfeaturesbasedonthesolutionof amaximum�o w problem[15] onthefull surface
¶P, (ii) avoid enhancingfeaturequality [20], and(iii) avoid usingotherprocesses,e.g.,meshsimpli®cation,to enhance
features.Ourapproachis illustratedin Figure9 andsketchedbelow.

1. Identifying knots. Knots arecritical pointson a pocket boundary¶r identi®edasnotchesof the simpli®ed ¶r
usingtheDouglas-Peucker (DP)algorithm[12] with simpli®cationthresholdd, 0 � d � t . A brief review of theDP
algorithmis providedin AppendixB.

2. Computing pocket cuts. A pocket cut is a chainof consecutive edgesin a pocket r whoseremoval will bisectr .
Here,pocket cutsarepathsconnectingpairsof knots,andweconsiderall knotpairsfor r .

3. Weighting cuts. Theweightof a cut determinesthequality of thecut. We computetheweightof eachpocket cut
k asW(k ) = w(k )g(k ), wherew(k ) = j k j=å v2k concave(v) is thereciprocalof themeanconcavityof k andg(k )
is theaccumulatedcurvatureof theedgesin k . Thecurvatureof anedgee is measuredusingthebest�t polynomial
[13].

4. Connectingpocket cuts into global cuts. Ourstrategy is to organizetheknotsandpocketcutsin agraphGK whose
verticesareknotsandedgesarepocket cuts.Thecyclewith theminimumweightin GK will betheglobalcut.

Next, wewill providemoredetailsandjustify thechoicesof thestepsmentionedabove.

Pocket boundaries.First, it is naturalto askwhy thecritical pointson a projectedbridgeedgeareof interest.As knots
arethecritical pointsof a projectedbridgeedgepe, we alsoconsidera projectedbridgeedgeasa critical representationof
a polyhedralboundary. Notethattheendpointsof pe arebothverticesof theconvex hull. Intuitively, theverticesof pe are
samplesof ¶P andthereforeencodeimportantgeometricfeaturesrelatedto concavity over thetraversalfrom onepeakto
anotherpeaki.e.,pe is anevidencethatshows how theconvex hull verticesareconnectedon ¶P. Thethresholdd controls
thesizeof knots,i.e., a smallerd impliesmoreconcave featureswill be identi®ed;in this paper, we usedd = t =10. We
notethat thesepocket boundarieshave similar functionality asthe exoskeletonthat connectscritical pointson ¶P coded
with average geodesicdistance[27].

ExtractingcyclesfromgraphGK . Theprocessof extractingcyclesis similarto thatof constructingaminimumspanning
tree(MST) TK on GK by greedilyexpandingthemostpromisingbranchinto all its neighboringpocketsin eachiteration.
A cycle is identi®edwhentwo growing pathsof TK meet.

ResolvingConcaveFeatures.For convex volumedecomposition,wede®nethecutplaneof a (global)cutk asthebest
�t planeof k which canbe approximatedvia a traditionalprincipal componentanalysisusingpointssampledon k . For
convex surfacedecomposition,wesimplysplit thesurfaceat theedgesof k .

4.3 Complexity Analysis

ACD of a polyhedronP requiresO(nvne lognv) time for eachiteration,wherenv andne arethenumberof verticesand
edgesin P, resp.Thedominantcostsarethepocketcutcomputation,whichextractspathsbetweenknotson¶P andcantake
O(ne lognv) time for eachpathextracted.However, asseenin our experimentalresults,this is usuallya very conservative
estimate.Also, thetotal numberof pocket cutsis usuallyquitesmall(seeAppendixC).
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5 ACD of Polyhedra with Arbitrary Genus

Becausetheconvex hull of a polyhedronP is topologicallya ball, multiple bridgesmayshareonepocket for polyhedra
with non-zerogenus.For example,neitherof thebridgesa or b in Figure10(a)canencloseany regionby themselves.We
addressthisproblemby reducingthegenusto zero.

Genusreductionis a processof ®nding setsof edges(calledhandlecuts) whoseremoval will reducethe numberof
homological loopson the surfaceof P. The problemof ®nding minimum lengthhandlecuts is NP-hard[10]. Several
heuristicsfor genusreductionhave beenproposed(seea survey in [27]). The identi®edhandlecutswill thenbe usedto
preventthepathsof thebridgeprojectionsfrom crossingthem.Figure10(b)showsanexampleof ahandlecutandthenew
bridge/pocket relationaftergenusreduction.

�

�

(a)

handle cut

�

�

(b)

Figure 10: (a) The pocket (shadedarea)is enclosedin the projectedboundariesof two bridgesb and a . (b) Pockets after genus
reduction.

Althoughwe canalwaysuseoneof theexisting heuristics,thebridge/pocket relationshipcanreadilybeusedfor genus
reduction.Ourapproachis basedontheintuition thatthebridgesthatsharethesamepocket tell usapproximatelocationsof
thehandlesandthetrajectoryof how a handªholdsºa handleroughlytracesout how we cancut thehandle.For example,
imagineholdingthehandleof thecupin Figure10 with onehand:our handmustentertheholethoughoneof thebridges,
e.g.,b , andexit theholefrom theotherbridge,e.g.,a . We call bridgesthatsharea commonpocket a setof ªhandlecapsº
of theenclosedhandles.A modelmayhave severalsetsof handlecaps.Detailsof genusreductionusinghandlecapsare
describedin AppendixD.

Figure11 shows a resultof our approach.Note that we may not alwaysreducethe genusof a modelto zerobecause
somehandlescanmapto just onebridge,e.g.,a handlecompletelyinsidea bowl. Theseªhiddenºhandleswill eventually
be unearthedasthe decompositionprocessiteratesif the concavity measurementof the handleis untolerable.For many
applications,thisbehavior of ignoringinsigni®canthandlescanevenrepresentthestructureof theinputmodelbetter[26].

6 Applications of ACD

The convex hulls of the ACD components(andsometimesthe componentsthemselves)canbe usedby methodsthat
usuallyoperateon convex polyhedra,makingthemmoreef®cient. This includesa largesetof problemsin computational
geometryand graphics. Here, we demonstratefour applicationsincluding point location, shaperepresentation,motion
planning,andmeshgeneration.

Point location (solid ACD without featuregrouping). Point location,which checksif a point x is in a polyhedronP,
is a fundamentalproblemthat canbe found in ray tracing,simulation,andsampling. Point locationcanbe solved more
ef®ciently for convex polyhedraby checkingif x is on the samesideof all P's facets.Locatingpointsfor a non-convex
modelcanbene®tfrom ACD usingtheconvex hullsof its ACD componentsif someerrorscanbetolerated,e.g.,theparticles
in Figure5. Theseerrorsaredueto the differencebetweenthe componentconvex hulls of the ACD componentsandthe
originalmodel.

In our experiments,point locationof 108 randompointsis performedfor thefull modelandfor theconvex hulls of the
ACD0:02 components;point locationin theACD did not utilize thehierarchicalstructureof theACD, but simply testedeach
componentseparately. As seenin Figure12, evenusingthis naive strategy, point locationin the ACD is about23%faster

9



c

d

a

c

b

d

a

b

Figure11: Fourhandlecutsfoundin theDavid model.

thanin the original teethmodel. As seenwith the elephantmodel,the advantageof the ACD over the ECD is even more
pronounced.In bothexperiments,morethan99%of thequerieswereansweredcorrectlyusingtheACD.

Shaperepresentation(surfaceACD with featuregrouping). The componentsof an ACD canalsobe usedfor shape
representation.In many casesthesigni®canceof a featuredependson its volumetricproportionto its ªbaseº.For example,
a 5 cm stick on a ball with 5 cm radiusis a moresigni®cantfeaturethana 5 cm stick on a ball with 5 km radius. This
intuition canbecapturedby theconceptof convexity de®nedas volume(P)

volume(HP) . Figure2 shows resultsfrom our approachthat
simply replacesthedecompositioncriterion,i.e.,concavity (line 1 in Algorithm 1), with 0:7 convexity.

Althoughthereareno well acceptedcriteria to comparedecompositions,we cancomparetheskeletonsextractedfrom
the decompositions,e.g., usinggraphedit distance[3], which computesthe costof operations(i.e., inserting/removing
verticesor edges)neededto convert onegraph(skeleton)to another. Using this metric, Figure13 shows that ACD still
producesmatchingrepresentationsafterdeformations.

Motion planning (surfaceACD with featuregrouping). The ACD componentscanhelp to plan motion,e.g.,for navi-
gating in thehumancolonor removing a mechanicalpart from anairplaneengine.Sampling-basedmotionplannershave
beenshown to solve dif®cult motion planningproblems;seea survey in [2]. Thesemethodsapproximatethe reachable
con®gurationspace(C-space)of amovableobjectby samplingandconnectingrandomcon®gurationsto form agraph(or a
tree).However, they alsohave severaltechnicalissueslimiting their successon someimportanttypesof problems,suchas
thedif®culty of ®ndingpathsthatarerequiredto passthroughnarrow passages.

ACD canaddressthesocalledªnarrow passageºproblemfor someproblemsby samplingwith abiastowardcutsbetween
ACD components.Figure3 illustratestheadvantageof thissamplingstrategy overuniformsampling[16]. Advantagesof the
ACD-basedsamplingarethatmoresamplesareplacedin thenarrower (dif®cult) regionsandalsotheconnectionsbetween
thesamplescanbemademoreeasilydueto thenearlyconvex components.

Mesh generation(solid ACD with featuregrouping).The ACD componentscanbeusedto generatetetrahedralmeshes
from theconvex hulls of theACD componentsusingDelaunaytriangulation.Theconvex hulls mayfurthersimpli®ed,e.g.,
usingtriboxes[9], to generateeven coarsermeshes.Thesemeshescanlater be usedfor, e.g.,surfacedeformation. An
illustrationof thisapplicationis shown in Figure4.
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Full model:1 part
210.9mins

ACD0:02: 411parts
162.7mins

ECD: 5,349parts
57hrs

ACD0:02: 204parts
52.2mins

Figure12: Pointlocationof 108 pointsin theteethmodel(233,204triangles),in theelephantmodel(6,798triangles),andin their solid
ECD andtheconvex hulls of the ACD0:02. Measuredtime includestime for decompositionandpoint location.Point locationin ACD0:02
of bothmodelshas0.99%errors.Externalpointsof 1000samplesin full modelandECD areshown in the�gures on theleft andonly the
misclassi�ed(asinternal)pointsin ACDsareshown on theright.

7 Experimental Results

In this section,we compareexact (ECD) andapproximate(ACD) convex decomposition.In addition,we considerfour
variantsof ACD, i.e., solid or surfaceACD, andACD with or without featuregrouping.All experimentswereperformedon
a Pentium2.0 GHz CPUwith 512MB RAM. A summaryof resultsfor 14 modelsis shown in Table1 andin Figures14
and15.

As seenin Table1, thesolid ACDsareordersof magnitudesmallerthansolid ECD. Thesolid ACDs0:2 andACDs0:02 have
0.001%and0.1%of thenumberof componentsthat thesolid ECDs have on average,resp.Thephysical®le sizeof solid
ACDs0:2 andACDs0:02 are0.08%and0.16%of thesizeof thesolid ECDsonaverage,resp.NotethattheECD processof the
Armadillo modelterminatedearlybecauseit requiredmorediskspacethantheavailable20GB. Theresultsfor ECD shown
in Figure14 arecollectedbeforetermination,i.e., they arefor an un®nishedECD, so all componentsarenot yet convex.
Figure14alsoshows thatthesolid ACD canbecomputed72 timesfasterthanthesolid ECD. Thesetimesarerepresentative
of thesavingsofferedby solid ACD over ECD.

Althoughthe®le sizeof thesurfaceACDs is not signi®cantlysmallerthanfor thesurfaceECD, thesurfaceACDs0:2 and
ACDs0:02 have0.02%and0.2%of thenumberof componentsthattheECD hasonaverage.Figure15shows thatACDsonly
requirea smallconstantfactorincreasein thecomputationtime over the linear time surfaceECD; this is representative of
therelative costof surfaceACD andECD. Thetablebelow summarizesthesestatistics.

Solid ACDs v.s. surface ACDs. Table1 alsoshows that the sizeof the solid ACDs areabout1.6 timeslarger thanthe
surfaceACDsdueto thefactthatthesolid ACDsusecutplanesto approximate(possiblynon-planar)concave features.

ACDs with or without feature grouping. Figures14 and15 show that featuregroupingsuccessfullyreducesthesize
of bothsolid andsurfacedecompositions.In particular, we seea slowly increasingsizefor ACDs with featuregroupingas
thevalueof t decreases(i.e., astheconvex approximationapproachesanexactconvex decomposition).In addition,with
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D = 3
D2 = 0

D = 4
D2 = 0

Figure13: Skeletonsextractedfrom the ACD componentsof two modelsandtheir deformations.D is thegraphedit distancefrom the
skeletonof thedeformedmodelto thatof theoriginalmodel.D2 is D withoutconsideringdegree2 verticeswhoseinsertionanddeletion
donotchangethetopologyof thegraph.

featuregrouping,ACDsproducesstructurallymoremeaningfulcomponents.

8 Discussionand Futur eWork

Wehavepresenteda framework for decomposingagivenpolyhedronof arbitrarygenusinto nearlyconvex components.
This providesa mechanismby which signi®cantfeaturesareremovedandinsigni®cantfeaturescanbeallowedto remain
in the®nal approximateconvex decomposition(ACD). We have alsodemonstratedthattheACD framework is �e xible – by
simply changingthedecompositioncriterionfrom concavity to convexity, theACD canbeusedasa shapedescriptorof the
inputmodel.

Despiteour promisingresults,our current implementationhassomelimitations which we plan to addressin future
work, someof which canbe solved without too muchdif®culty. For example,someuncommontypesof opensurfaces
with non-zerogenus,whoseverticeson the convex hull are all convex, cannotbe handledcorrectly by the proposed
method. Also, splitting non-linearlyseparablefeaturesusing a best®t cut planecan still generatea visually unpleas-
ant decomposition.One possibleway to addressthis problemis to usecurved cut ªplanesº.We are also considering
ef®cient alternativesto shortestpathsfor the concavity measure,suchasusingan adaptively sampleddistance®eld [11].

DavidArmadillo
ACD0:02 ACD0:04

Anotherissuethatrequiresfurtherresearchis thatour featuregroupingmethodhasdif®culty in
collectinglong featuresthathave relatively low concavity. Seethe®gureon theright.

Finally, several methodsdevelopedin this paper, suchas the bridge/pocket identi®cation,
featureextraction, and genusreduction,may have applicationto other problemsin computer
graphics.How thesetoolscanbeappliedto otherareasrequiresmoreresearch.
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A ConvexFacetClustering

As describedin Section4.1,we cluster`nearly' coplanarandcontiguousconvex hull facetsto form bridgepatches.The
bridgepatchesareselectedsothatthedistancefrom all facesin thebridgepatchto thesupportingplanewill beguaranteed
to bebelow sometunablethresholde. Ourclusteringprocessis composedof thefollowing two mainsteps:

1. estimatingthenumberk of therequiredbridges,and
2. groupingtheconvex hull facetsinto k clusters.

ThesecondstepcanbesolvedusingLloyd's clusteringalgorithmintroducedin [8].

In the ®rst step,we estimatethe requiredbridge size for a given thresholde by incrementallycreatingbridgesand
assigningconvex hull facetsto thebridgesuntil all theconvex hull facetsareassigned.We saythata facetcanbeassigned
to a bridgeif thedistancebetweenthemis lessthane. Let C(b) bea setof connectedfacetsthat canbeassignedto the
bridgeb. Ourestimationprocessis outlinedin Algorithm 2.

B Douglas-Peucker Algorithm

TheDouglas-Peucker (DP) line approximationalgorithmis usedto identify knotsonapocketboundaryasmentionedin
Section4.2. Let L bea polygonalchaincomposedof n verticesf v1;v2; � � � ;vng. For a giventhresholdd, theDP algorithm
producesasimpli®cationof L, calledL0. Algorithm 3 outlinesasimpleversionof thealgorithm.A moreef®cientapproach
canbefoundin [12].
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Figure15: Convex surfacedecomposition.Theleftmost�gure shows a resultof theexactdecomposition.Theothersareresultsof the
approximatedecomposition.

Algorithm 2 HP clustering(HP,e)
Input. A convex hull HP anda thresholde
Output. Thenumberof bridgesthatcancover¶HP

1: Let B andK betwo emptysets
2: repeat
3: Let b bea facetof ¶HP thatis not in K
4: B = B[ b
5: K = K [ C(b) . C(b) arefacetsthatcanbeassignedto b
6: until K = ¶HP
7: returnthesizeof B

C Pocket Cut Reduction

A pocket r with jnr j knotscanhaveO(jnr j2) pocketscutsbut notall of themareinterestingto us. In fact,weonly need
to considerO(jnr j) pocketscuts.This reductionis basedon thefollowing observation.

Observation C.1 Let nr i bea setof knotson theboundarybetweenr andoneof its neighboringpocketsr i . Pocket cuts
betweeneach pair nr i andnr j in r forma non-crossingminimum(weight)bipartitematching.

Wesaytwo pocketcutsk r andk 0
r crosseachotherif k 0

r will becomedisconnectedafterr is separatedby k r . Therefore,
we disallow a knot to connectto morethanoneknot from the sameboundarybut it is allowed to connectto knotsfrom
boundariesof differentneighboringpockets. The resultof this restrictionis that thepocket cutsbetweentwo boundaries
form a bipartitematchingof their knotsandonly O(jNr j) pocket cutsneedto be consideredwhenconnectingtheminto
globalcuts.

D Convex-hull-basedGenusReduction

We introduceda genusreductionmethodin Section5, which computeshandlecutsfrom a setof bridges(handlecaps)
thatshareacommonpocket. This intuition canbeimplementedby applyingthefollowing to identi®edhandlecuts.

1. Flooding the polyhedralsurface¶P initiated from the projectedboundariesof a setof handlecaps. Verticesin a
wavefrontwill propagateto neighboringunoccupiedvertices.
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Algorithm 3 DP(L,d)
Input. A polygonalchain,L = f v1;v2; � � � ;vng, andthreshold,d.
Output. A simpli�ed polygonalchainL0.

1: Let vk 2 L bethevertex whosedistancedk to theline v1vn is largerthanall theotherverticesin P
2: if dk > d then
3: returnL0= f DP(f v1; � � � ;vkg,d), vk, DP(f vk; � � � ;vng,d) g

2. Loopscanbeextractedby tracingin thebackwarddirectionof thepropagation.For eachpairof handlecaps,wekeep
ashortestloop thatconnectstheir projectedboundaries,if it exists.

3. Let Gh bea graphwhoseverticesarethehandlecapsandwhoseedgesarethediscoveredhandlecuts.Cyclesin Gh
indicatethat theremoval of all discoveredhandlecutswill separateP into multiple components.We canpreventP
from beingsplit by throwing awayhandlecutssothatnocyclesareformedin Gh.

4. Checkif thehandlecapsstill shareonepocket. If so,repeattheprocessdescribedabove until theremaininghandle
cutsarefound.

16


