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Abstract

Decompositioris a techniguecommonlyusedto partition complex modelsinto simplercomponentsWhile decompo-
sitioninto convex componentsesultsin pieceshatareeasyto processsuchdecompositionsanbe costlyto constructand
canresultin representationsith an unmanageablaumberof componentsin this paper we explore analternatve parti-
tioning stratgy that decomposea given modelinto “approximatelycorvex” piecesthat may provide similar bene ts as
corvex componentsyhile theresultingdecompositions bothsigni cantly smaller(typically by ordersof magnitude)and
canbe computedmoreefciently. Indeed,for mary applicationsanapproximatecorvex decomposition{ACD) canmore
accuratelyrepresenthe importantstructuralfeaturesof the modelby providing a mechanisnfor ignoring lesssigni cant
featuressuchassurfacetexture. We describea techniquefor computingAcps of three-dimensiongbolyhedralsolidsand
surfacesof arbitrarygenus.We provide resultsillustrating that our approactresultsin high quality decompositionsvith
veryfew componentandapplicationshaving thatcomparabl®r betterresultscanbeobtainedusingAcb decompositions
in placeof exactcorvex decomposition$ecD) thatareseveral ordersof magnituddarger.



Figurel: The approximatecorvex decomposition§acp) of the Armadillo andthe David modelsconsistof a smallnumberof nearly

corvex componentshat characterizehe importantfeaturesof the modelsbetterthanthe exact corvex decompositiongecD) thathave

ordersof magnitudemorecomponentsThe Armadillo (500K edges;12.1MB) hasa solid AcD with 98 component$14.2MB) thatwas

computedin 232 secondswhile the solid “Ecb” hasmore than 726,240componentg20+ GB) and could not be completedbecause
disk spacewasexhaustedafter nearly4 hoursof computation.The David (750K edges,18MB) hasa surfaceAcD with 66 components
(18.1MB)while thesurfaceecd has85,132component$20.1MB).

1 Intr oduction

One commonstrat@y for dealingwith large, complex modelsis to decomposeheminto componentshat are easier
to process. Mary different decompositiormethodshave beenproposed- see,e.g., Chazelleand Palios [6] for a brief
review of somecommonstrateies. Of these,decompositiorinto corvex componentdiasbeenof greatinterestbecause
mary algorithms,suchas collision detectionand meshgenerationperform more ef®ciently on corvex objects. Corvex
decompositiorof polygonsis awell studiedproblemandhasoptimal solutionsunderdifferentcriteria; see[17] for agood
suney. In contrastcornvex decompositionin three-dimensionis far lessunderstoodind,despitethe practicalmotivation,
little researcton corvex decompositiorof polyhedrahasgonebeyondthetheoreticaktage5].

A major reasonthat corvex decomposition®f polyhedraare not usedmore extensvely is thatthey are not practical
for complex models— an exact corvex decompositio{(ECD) canbe costly to constructand canresultin a representation
with anunmanageableumberof componentsThisis true for both solid decompositionsyhich consistof a collectionof
corvex volumeswhoseunion equalsthe original polyhedron,and surfacedecompositionswhich partition the surfaceof
thepolyhedroninto a collectionof corvex surfacepatchesFor example,a solid EcD of thearmadillomodelhasmorethan
726,240componentanda surfaceecd of the David modelhas85,132componentgseeFigurel). Similar statisticsfor
additionalmodelsareshaw in Tablel in Section?.

Our Approach. In this work, we explore a partitioning stratgy that decomposes polyhedroninto “approximately
convex” pieces.Ourmotivationis thatfor mary applicationsthe approximatelyconvex component®f this decomposition
provide similar bene®tsascornvex componentsyhile theresultingdecompositioris bothsigni®cantlysmaller(typically by
several ordersof magnitude)andcanbe computedmoreef®ciently. Theseadvantagesave beenproventheoreticallyand
experimentallyfor planarpolygonsby Lien andAmato[21]. In this paperwe shaw that,unlike ECD, it is feasibleto apply
the conceptof approximatecorvex decompositiof{AcD) to three-dimensiongdolyhedra.ln particular we describe

practicalmethodsor computinga solid or surfaceAcD of a polyhedronof arbitrarygenus.

Ourgeneraktratey is to iteratively identify the mostconcae feature(s)n the currentdecompositionandthento parti-
tion the polyhedronsothatthe concaity of theidenti®edfeaturess reduced.This processcontinuesuntil all components



Figure2: Examplesof shapedecompositiorusingAcp. Thecorvex hulls of the component®f the decompositiorarealsoshavn.

in the decompositiorhave acceptableoncaity, i.e., until they arecorvex “enougH, which is a tunableparameterWhile
this follows the generalapproachusedsuccessfullyfor polygons,thereare several operationghat were straightforward
for polygonsbut which becomenontrivial for polyhedra.Themainchallengesncludecomputingthe concaity of features
ef®ciently andresolvingconcae featurego generate smallandhigh quality decompositionTo dealwith thesetechnical
challengesn 3D, weintroducea new technique:

approximatefeatue grouping thatenablesetsof featureso beprocessetiogetheywhichis bothmoreef®cientand
producedetterresults.

We demonstrat¢he feasibility of our approactby applyingit to anumberof complex models;seeFigurel andTablel.
In generalgvenfor very complex models the AcDs have very few componentsypically severalordersof magnitudeewer
thanthe ECcDs. Thesize(memory)andcomputationatime arealsosigni®cantlyless,particularlyfor the solid AcDs.

Applications of AcD. In mary applicationsthe detailedfeaturesof the modelarenot crucial andin factconsidering
themcould sene to obscureimportantstructuralfeaturesandaddto the processingcost. In suchcasesan approximate
representationf the model,suchasour proposedacp, that captureghe key structuralfeatureswvould be preferable.For
example,the Acps of the Armadillo andthe David modelsin Figurel identify anatomicafeaturesmuchbetterthanthe
EcDs. Otherapplicationsof ACD include shaperepresentatiorfFigure 2), motion planning(Figure 3), meshgeneration
(Figure4), andpointlocation(Figure5).

Outline. We beggin with preliminary de®nitionsin Section2. In Section3, we give an overviev of Acbandthen
describeseveralchallenge®f extendingthe polygonalapproactio three-dimensiondiVe thendescribeacD for genuszero
polyhedra(Section4) andfor polyhedraof arbitrarygenus(Section5). We presentapplicationsandresultsin Sections
and7, respectiely.

2 Preliminaries

A modelP in R? or R? is representetly a setof boundarieg/P. Thecorvex hull of amodelP, Hp, is thesmallestorvex
setenclosingP. P is saidto be corvex if P = Hp. Featuref P (verticesin R? andedgesn R®) arenotdhes(non-cowvex
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Figure3: A dif cult motion planningproblem(a) in which the robotis requiredto passthrougha narrav passageéo move from the
startto the goal. In (b), a uniform samplingof 200 collision-freecon gurationsfails to connectthe startto the goal. In contrast,n (d),
placing200samplesaroundthe openingsof the AcD of theenvironment(c) successfullyconnectghe startto thegoal. The solutionpath
is shavn in (a). See' Motion planning'in Section6 for detail.

(ACD) (tetrahedramesh) (deformation)

Figure 4: A tetrahedraimeshis generatedrom the (simpli ed) corvex hulls of Acb components. The rightmost gure shawvs a
deformationusingthis mesh.

features)f they have internalanglesgreaterthan180 . We sayPR is acomponenbf Pif B P. A setof component$ P.g
is a decompositiorof P if theirunionis P andall P, areinterior disjoint, i.e.,f Bg mustsatisfy:

D(P)=fRj[iR=Pand8j ;R \ P, = 0g, 1)
whereP, istheopensetof B. A convex decompositiorof P is adecompositiorof P thatcontainsonly cornvex components.

For someapplications consideringonly the model's surfaceis of interest. We sayP, is a corvex surfacepatc of P if
R P andlies entirelyonthesurfaceof its corvex hull Hp, i.e.,R  THg [5]. A corvex surfacedecompositiorof P is a
decompositiorof P containingonly corvex surfacecomponents.

Concavity. In contrastto measuredik e areaandvolume, concaity doesnot have a well acceptedie®nition. A few
methodshave beenproposedhatattemptto de®neandmeasurehe concaity of polygons[25, 21]. To our knowledge,no
concaity measurdnasbeenproposedor polyhedra.

AlthoughAcp is notrestrictedto a particularmeasureall the measuresve considelin thiswork de®nethe concaity of
amodelP asthe maximumconcaity of its boundarypoints,i.e.,

concae(P) = Xrg?gff concae(X)g;

3



Figure5: Snapshotsof particlesystemwith 10000particlesusingthefull modelandcorvex hulls of AcD componentsWhichsimulation
is generatedvith AcD? Here,usingthe AcD insteadof the full modelis 2 timesfasterand doesnot introducenoticeableerrors. See
“Pointlocation'in Section6 for details.(Thelower row usesacp.)

wherex arethe verticesof P. An importantconsequencef this decisionis that now we canusepointswith maximum
concaity to identify importantfeaturesvheredecompositiorcanoccut This would not be the caseif we chooseto sum

concaities or usethe corvexity measuremerih [28], wherethe corvexity of amodelP is de®nedas%”‘;ﬁ2).

Measuring Concavity. Intuitively, onecanthink of the concaity asthe lengthof the pathtraveledby a pointx2 P
duringthe procesf in ating a balloonstartingfrom P's shapeuntil it assumeshe shapeof Hp. Although a physically
basedsimulationof this balloon expansion[18] can be expensve, we will show later that X's traveling distancecan be
ef®ciently approximated.

In particular our concavity measuresisethe conceptof bridgesandpockets Bridgesarecornvex hull facetghatconnect
non-adjacenterticesof TP, i.e., BRIDGESP) = Hp n TP. Pocletsarethe portionof the boundaryfP thatis notonthe
corvex hull boundaryfHp, i.e., POCKETSP) = TPn THp.

Becauseoncae featuresj.e., notchescanonly befoundin pocketswe measureghe concaity of a notchx by

associatingachbridgewith a uniquepocket, and
computingthedistancerom x to its associatetbridge by, i.e., concae(x) = dist(x; Hp) = dist(x; by).

For polygons,thereis a naturalone-to-onebridge/poclet matchingthat canbe obtainedeasily Also, in this caselLien
and Amato [21] proposedwo practicalmethodsto computethe concaity: SL- and SP-conceity. SL-concaity is the
straight-linedistanceto the bridge. SP-concuity is the length of the shortestpathto the bridge without intersectingthe

polygon.

Unfortunatelythetechniquesisedfor polygonsdo notextendeasilyto three-dimensiondn particular thereis notrivial
one-to-onebridge/poclket matchingand so we mustde®neoneand develop methodsfor computingit. In addition, while
SL-concaity canstill be computedef®ciently, the bestknowvn methodsor computingshortespathson polyhedrarequire
exponentiatime [24] andevenmethodq7] thatapproximateheshortespathsaretooinef®cientto beusedn ourapproach.

3 Approximate Convex Decomposition

The goal of approximatecorvex decomposition(ACD) is to generatedecompositionsvhosecomponentsre approxi-
matelycornvex. We estimatehow corvex a components usingthe concaity of the componentFor a givenmodelP, P is
saidto bet -approximatecorvex if concae(P) < t, whereconcae(r ) denoteghe concaity measuremerdf r andt isa
tunableparametedenotingthe non-concaity toleranceof the application. A t -approximatecorvex decompositiorof P,



ACD; (P), is de®nedasa decompositiorthatcontainsonly t -approximatecornvex componentsi.e.,
ACD;(P) = fRjR 2 D(P) andconcae(P) tg: (2)

Thus,anAcDg is simply anexactconvex decomposition.

Ourgeneraktrategy for computingacbs follows theapproachor polygons.Brie y, anAcD is generatedby recursvely
removing (resolving concae featuresin orderof decreasingigni®cancej.e., concaity, until all remainingcomponents
have concaity lessthansomedesirecbound.This strateyy is outlinedin Algorithm 1.

Algorithm 1 AcD(P, t)

Input. A model,P, andtolerancet .

Output. A decompositionf R g, suchthatmax concae(R)g t.

1: if concae(P) < t then . seeSections4.1and5
returnP
: else

Let x beafeature(notch)realizingconcae(P)
fRg= resohe(P;x) . seeSectionst.2and4.2
for eachcomponenftRg do
AcDp(R,t)

Noahrowbd

Thetwo mainoperationgequiredin Algorithm 1 for ACD are:

measuringhe concaity of afeature(s)and
resolvingspeci®edconcae feature(s).

The approachoutlinedabove is the samestratgy appliedto computeacDs for polygons[21]. For a given polygonP,
the concaity of notchesx of the polygonP arecomputedusingSL- or SP-concuity describedn Section2. Then,anotch
x is resohed by addinga diagonalfrom x to P suchthatthe dihedralangleof x is lessthan180 . Figure6 shavsanAacp
of apolygon.

(@)

Figure6: (a) Theinitial Nazcamonkey has1,204verticesand577 notches.(b) An Acb has126 componentsvith SL-concaity less
than0.5,and(c) A minimumcorvex decompositiorhas340cornvex components.

3.1 Challengesin Extending to ThreeDimensions

In this sectionwe discusghe challenge®f measuringandresolvingconcae featuresof polyhedra.

Measuring concavefeatures Therelationshigbetweerpocletsandbridgess nolongeravailabledirectlyfor polyhedra.
The problemof obtainingthe bridge/poclet relationshipis closelyrelatedto the problemof spherical[22] andsimplical
[19] parameterizationHowever, meshparameterizatiors costlyto compute Polyhedrorrealization[23] thattransformsa
polyhedronP to a corvex objectH canbe computedef®ciently, but H is generallynot the corvex hull of P andcannotbe
determinedeforeperformingthetransformation.

Resolving concare features The notch-cuttingstrateyy [4] that splits a polyhedronwith a cut planecanbe usedto
resole notchesn Algorithm 1. The detailsof this notch-cuttingstrategy arediscussedn [1]. Figures7(a)(b)illustratean
ACD usingcutplaneshatbisectdihedralangles.



A dif®culty of this approachs selectingtgood®ut planes.For example,in Figure7(c), carefully selecteccut planes
can generatfewer componentghan cut planesthat simply bisectthe dihedralanglesof notches. Unfortunately good
stratgiesfor ®nding cut planesthat producefewer and/orstructurally more meaningfulcomponentsare not well known.
Joe[14] proposedan approacho postpongrocessingiotcheswvhoseresolutionwould producesmall componentsbut it
hasproblemswith large models.

Our solution: feature grouping. JustasACD provides an approximationthat is more practicalthan ecp, we will
addresghe challengeamentionedabore using approximationghat are more tractable,and in somecasesalso provide
moremeaningfulsolutions.In particular for bothmeasuringandresolvingconcaities, we useatechniquewe call featue
groupingto collect setsof similar and adjacentfeaturesthat can be processedogether Featuregroupingis both more
ef®cientandcanimprove solutionquality.

For measuringconcaity, by allowing bridgesto be formedfrom corvex hull patchesnsteadof a single corvex hull
facet,we canbothdramaticallyreducethe numberof bridgesaswell asdecreas¢he costof computingthe poclketto bridge
matching.As we will seein Sectiond.1,bridgepatchesanbe usedto provide a conserative measuref concaity.

Resolutionof concaity canalsobeimprovedby consideringeaturesetsratherthanindividual featuresvhendetermin-
ing cut planesto resole notches.As discussedn Section4.2. the quality of the decompositiorcanbe greatlyimproved
whenthecut planeis de®nedwith respecto anotchset.

Y,
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Figure7: Resolvingconcaity (a) usinga cut planethatbisectsa dihedralangleresultsin (b) adecompositiowith 10 componentsvith
concaity 0:1. In contrast(c) carefullyselectectut planesgeneratenly 4 componentsvith concaity  0:1.

4 AcD of Polyhedra without Handles

We ®rstdiscusur stratgy for computingan AcD of agenuszeropolyhedron.This stratgy will beextendedo handle
polyhedrawith non-zerogenusin the next section.

4.1 Measuring Concave Features

Recallthatwe de®nethe concaity of avertex x asthe distancerom P to the corvex hull boundary Sincethereis no
unambiguousnappingfrom notchego corvex hull facetsn 3D astherewasin 2D, we ®rst mustde®neone.

Our startgyy to matchbridgeswith pocketsis to identify pockets by projecting corvex hull edgesto the polyhedrons
surface.Theprojectionof aconvex hull edgee is a pathonthe polyhedrons surface P connectinghe endpointsof €, we
computethe pathson P usingDijkstra's algorithm. After the corvex hull edgesare projected the setof all (connected)
polyhedralfacetsboundedby the projectededgedorms a pocket. SeeFigure8. After matchingbridgeswith pockets,we
measurghe concaity of x in pocket r asthestraightline distanceto thetangentplaneof r 's associatetridgeb.

Feature grouping: bridge patches— a consewative estimation. Finding pocketsfor all facetsin THp canbe costly
for large models. It turnsout we canreducethis costandstill provide a conserative estimateof concaity by grouping
clustersof “nearly' coplanarandcontiguoudacetsto form a bridge patc (or simply a bridge) on THp. We thendesignate
a‘“supporting” planethatis tangento THp asarepresentatie planefor all facetsin the bridgeandcomputethe concaity



of avertex asthedistanceo the supportingplaneof its bridge. The bridgepatchesanbe selectedsothatthedistancdrom
all facesin the bridgepatchto the supportingplanewill be guaranteedo be belov sometunablethresholde. For example,
whene = 0:05, only 20 bridgesareidenti®edfor the modelin Figure8 which has4,626facetsonits convex hull.

It is importantto notethatthe estimatedconcaity measuremertomputedhis way is alwaysgreaterthan(in anamount
lessthane) or equalto the concaity measurediscornvex hull facetsare projectedindividually. Therefore the estimated

concaity is anupperboundfor the actualconcaity.

Oneway to computebridge patcheds from an outerapproximationof a polyhedron. Herewe uselLloyd's clustering
algorithmadaptedrrom [8] to identify bridgesandto ensurethat the maximumdistancefrom the includedfacetsto the
supportingplaneis lessthane. Detailsregardingthis processarediscussedn AppendixA. For all examplesin this paper

wesete= t=2.

(bridges) (poclets) (concavity)

Figure8: An identi ed bridge/poclet pair. Therightmostmodelis shadedsothatdarker areasndicatehigherconcaity.

Polygonal surfacesAcD. In mostcasesthe previously mentionedconcaity measurecan
handlesurfaceswith openingshaturally Thecasethatrequiresmoreattentionis whenasurface p /internal
aexposesits internalsideto the surfaceof the corvex hull, e.g.,the surfaceon theright. The \/

q

opening

/

internalsideof a surfaceis exposedto the corvex hull surfaceif andonly if atleastoneof the
convex hull verticesis concave A corvex hull vertex p is concaeif its outwardnormalsonthe
convex hull andon the surfacearepointingin oppositedirections.The point p (resp.,q) in the
®gureaboveis concae (resp.,convex). o AT

Now, we cancomputethe pocket of a bridgeb from theprojectionof b'sboundaryfb. Let )
ebeanedgeof Tb. If €sverticesare e

external

bothcorvex, projecte asbefore,
bothconcavee hasno projection,
onecorvex, oneconcavee's projectionis the pathconnectinghe corvex endto theopening.e.g.,theedgepqin the

®gure.

(a)identifying knots (b) computingpocket cuts (c) extractingglobalcuts (d) splitting themodel

Figure9: The processof groupingandresolvingconcae features.(a) Knots (marked by spheresfrom oneof the poclets. (b) Knots
from all pocketsanda pocket cut (shovn in thick lines) connectinga pair of knots. (c) Global cuts(thick lines)andthe graphsGy . (d)
Solid (left) andsurface(right) decompositionsisingtheidenti ed globalcuts.



4.2 ResolvingConcave Features

Whenresolvingconcae features the conceptof featuregroupingallows us to betterprioritize concae featuresfor
resolutionandalsoresultsin a smallerand more meaningfuldecomposition.We ®rst describeour methodfor grouping
featuresandthenshav how the groupsareusedto selectcut planesto partitionthe model.

Feature grouping: global cuts. Our stratgy of groupingconcae featuresis a bottom-upapproachn which critical
points, called%knot¢, on the boundaryof eachpocket are connectednto local featuresets,called3odet cut®, which
arethengroupedto form global featuresets,called®global cut®. This bottom-upapproachattemptsto (i) avoid high
computationatompleity, e.g.,groupingfeaturedasedn the solutionof amaximum o w problem[15] onthefull surface
1P, (ii) avoid enhancindgeaturequality [20], and (iii) avoid usingotherprocessese.g., meshsimpli®cation,to enhance
features Our approachs illustratedin Figure9 andsketchedbelow.

1. Identifying knots. Knots are critical pointson a pocket boundaryfr identi®edas notchesof the simpli®ed r
usingthe Douglas-Peuddr (DP) algorithm[12] with simpli®cationthresholdd,0 d t. A brief review of theDP
algorithmis providedin AppendixB.

2. Computing pocket cuts. A pocket cutis a chainof consecutie edgesin a pocket r whoseremoval will bisectr .
Here,pocket cutsarepathsconnectingpairsof knots,andwe considerall knot pairsfor r .

3. Weighting cuts. Theweightof a cut determinegshe quality of the cut. We computethe weight of eachpocket cut
k asW(k) = w(k)g(k), wherew(k) = jkj=a,, concae(V) is thereciprocalof the meanconcavityof k andg(k)
is theaccumulatedurvatureof theedgesn k. Thecurvatureof anedgee is measuredisingthebestt polynomial
[13].

4. Connectingpocket cutsinto global cuts. Ourstratgy is to organizetheknotsandpocket cutsin agraphGk whose
verticesareknotsandedgesarepocket cuts. The cycle with theminimumweightin Gk will betheglobalcut.

Next, we will provide moredetailsandjustify the choicesof the stepsmentionedabove.

Pocket boundaries First, it is naturalto askwhy the critical pointson a projectedbridgeedgeareof interest.As knots
arethecritical pointsof a projectedoridgeedgepe, we alsoconsidera projectedbridgeedgeasa critical representationf
apolyhedralboundary Notethatthe endpointsof pe arebothverticesof thecorvex hull. Intuitively, theverticesof pe are
samplesof P andthereforeencodeimportantgeometricfeaturesrelatedto concaity over thetraversalfrom onepeakto
anothempeaki.e., pe is anevidencethatshowvs how the corvex hull verticesareconnectean TP. Thethresholdd controls
the sizeof knots,i.e., a smallerd implies more concae featureswill beidenti®ed;in this paper we usedd = t=10. We
notethat thesepocket boundarieshave similar functionality asthe exosleletonthat connectscritical pointson P coded
with average geodesidistance27].

ExtractingcyclesfromgraphGk . Theproces®f extractingcyclesis similarto thatof constructingaminimumspanning
tree(MST) Tx onGk by greedilyexpandingthe mostpromisingbranchinto all its neighboringpocketsin eachiteration.
A cycleisidenti®edwhentwo growing pathsof k meet.

ResolvingConcave Features.For corvex volumedecompositionywe de®nethe cut planeof a (global) cut k asthebest
t planeof k which canbe approximatediia a traditional principal componentnalysisusing pointssampledon k. For
convex surfacedecompositionye simply split the surfaceatthe edgesof k.

4.3 Complexity Analysis

AcD of a polyhedronP requiresO(nynelogn,) time for eachiteration,wheren, andne arethe numberof verticesand
edgesn P, resp.Thedominantcostsarethepocket cutcomputationywhich extractspathsbetweerknotson P andcantake
O(nelogny) time for eachpathextracted. However, asseenin our experimentakesults this is usuallya very conserative
estimate Also, thetotal numberof pocket cutsis usuallyquite small (seeAppendixC).



5 AcD of Polyhedra with Arbitrary Genus

Becausehe cornvex hull of a polyhedronP is topologicallya ball, multiple bridgesmay shareonepocket for polyhedra
with non-zeragenus.For example,neitherof the bridgesa or b in Figure10(a)canencloseary region by themseles. We
addresghis problemby reducingthe genusto zero.

Genusreductionis a processof ®nding setsof edges(called handlecuty whoseremoval will reducethe numberof
homolaical loops on the surfaceof P. The problemof ®nding minimum length handlecutsis NP-hard[10]. Several
heuristicsfor genusreductionhave beenproposedseea suney in [27]). Theidenti®edhandlecutswill thenbe usedto
preventthe pathsof the bridgeprojectionsfrom crossinghem. Figure 10(b) shavs anexampleof ahandlecut andthe new
bridge/poclet relationaftergenusreduction.

. \\ handle cut

(a) (b)

Figure 10: (a) The pocket (shadedarea)is enclosedn the projectedboundariesof two bridgesb anda. (b) Poclets after genus
reduction.

Althoughwe canalwaysuseoneof the existing heuristics the bridge/poclet relationshipcanreadily be usedfor genus
reduction.Ourapproachs basedntheintuition thatthebridgesthatsharethe samepoclkettell usapproximatdocationsof
the handlesandthetrajectoryof how a hand2holds®a handleroughlytracesout how we cancut the handle.For example,
imagineholdingthe handleof the cupin Figure10with onehand:our handmustenterthe holethoughoneof the bridges,
e.g.,b, andexit the holefrom the otherbridge,e.g.,a. We call bridgesthatsharea commonpocket a setof 2handlecaps®
of the enclosechandles.A modelmay have several setsof handlecaps. Detailsof genusreductionusinghandlecapsare
describedn AppendixD.

Figure 11 shaws a resultof our approach.Note thatwe may not alwaysreducethe genusof a modelto zerobecause
somehandlescanmapto just onebridge,e.g.,a handlecompletelyinsidea bowl. These*hiddenthandleswill eventually
be unearthedasthe decompositiorprocessteratesif the concaity measurementf the handleis untolerable.For mary
applicationsthis behaior of ignoringinsigni®canthandlescanevenrepresenthe structureof theinput modelbetter[26].

6 Applications of ACD

The corvex hulls of the ACD componentgand sometimeghe componentshemseles) canbe usedby methodsthat
usuallyoperateon convex polyhedramakingthemmoreef®cient. This includesa large setof problemsin computational
geometryand graphics. Here, we demonstratdour applicationsincluding point location, shaperepresentationmotion
planning,andmeshgeneration.

Point location (solid AcD without featuregrouping). Pointlocation, which checksif a point x is in a polyhedronP,
is a fundamentaproblemthat canbe foundin ray tracing, simulation,and sampling. Pointlocation can be solved more
ef®ciently for corvex polyhedraby checkingif x is on the samesideof all P's facets. Locating pointsfor a non-comwvex
modelcanbene®tfrom AcD usingthe corvex hulls of its ACD component# someerrorscanbetoleratede.g.,theparticles
in Figure5. Theseerrorsaredueto the differencebetweenthe componentonvex hulls of the AcD componentandthe
originalmodel.

In our experiments point locationof 108 randompointsis performedfor the full modelandfor the corvex hulls of the
ACDg;02 cOmponentspoint locationin the Acd did not utilize the hierarchicalstructureof the AcD, but simply testedeach
componenseparatelyAs seenin Figure 12, even usingthis naive stratey, pointlocationin the AcD is about23%faster



Figurell: Fourhandlecutsfoundin the David model.

thanin the original teethmodel. As seenwith the elephantmodel, the advantageof the ACD over the ECD is even more
pronouncedIn bothexperimentsmorethan99% of the querieswereansweredorrectlyusingthe ACD.

Shaperepresentation(surface AcD with featuregrouping). The componentof an ACD canalso be usedfor shape
representationin mary caseghesigni®canceof afeaturedependn its volumetricproportionto its 2base®For example,

a5 cm stick on a ball with 5 cm radiusis a more signi®cantfeaturethana 5 cm stick on a ball with 5 km radius. This

intuition canbe capturedby the conceptof corvexity de®nedas#"m. Figure 2 shows resultsfrom our approactthat

simply replaceshe decompositioreriterion,i.e., concaity (line 1 in Algorithm 1), with 0:7 corvexity.

Althoughthereareno well acceptectriteriato comparedecompositionsye cancomparethe skeletonsextractedfrom
the decompositionse.g., using graphedit distance[3], which computesthe costof operationg(i.e., inserting/remuaing
verticesor edges)neededo corvert one graph(skeleton)to another Using this metric, Figure 13 shows that AcD still
producesnatchingrepresentationafterdeformations.

Motion planning (surfaceAcD with featuregrouping). The ACD componentganhelpto plan motion, e.g.,for navi-
gatingin the humancolonor remaving a mechanicapartfrom anairplaneengine. Sampling-basedotion plannershave
beenshavn to solwe dif®cult motion planningproblems;seea surey in [2]. Thesemethodsapproximatethe reachable
con®guratiorspacqC-spacepf amovableobjectby samplingandconnectingandomcon®gurationgo form agraph(or a
tree). However, they alsohave severaltechnicalissuedimiting their succes®n someimportanttypesof problemssuchas
thedif®culty of ®nding pathsthatarerequiredto passhroughnarrav passages.

ACD canaddresshesocalled®narrav passagesroblemfor someproblemsby samplingwith abiastowardcutsbetween
AcD componentsFigure3illustratestheadwantageof this samplingstrat@y over uniformsampling16]. Advantage®f the
AcCD-basedsamplingarethatmoresamplesareplacedin the narraver (dif®cult) regionsandalsothe connectiondetween
the samplesanbe mademoreeasilydueto the nearlyconvex components.

Mesh generation(solid AcD with featuregrouping). The ACD componentganbe usedto generatdetrahedrameshes
from the corvex hulls of the ACD componentsisingDelaunaytriangulation.The corvex hulls mayfurthersimpli®ed,e.g.,
usingtriboxes[9], to generateven coarsermeshes.Thesemeshescan later be usedfor, e.g., surfacedeformation. An
illustrationof this applicationis shovn in Figure4.
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Full model: 1 part ACDq.02: 411parts

210.9mins 162.7mins
ECD: 5,349parts ACDq:02: 204 parts
57 hrs 52.2mins

Figure12: Pointlocationof 10° pointsin theteethmodel(233,204triangles) in the elephanimodel(6,798triangles),andin their solid
ECD andthe convex hulls of the ACDg.g2. Measuredime includestime for decompositiorandpointlocation. Pointlocationin ACDg.g2
of bothmodelshas0.99%errors.Externalpointsof 1000samplesn full modelandecb areshowvn in the gures ontheleft andonly the
misclassi ed(asinternal)pointsin AcDs areshovn ontheright.

7 Experimental Results

In this section,we compareexact (ECD) andapproximatg ACD) corvex decomposition.In addition,we considerfour
variantsof ACD, i.e., solid or surfaceAcD, andAcD with or without featuregrouping.All experimentsvereperformedon
a Pentium2.0 GHz CPUwith 512MB RAM. A summaryof resultsfor 14 modelsis shovn in Table1 andin Figures14
and15.

As seenin Tablel, thesolid AcDs areordersof magnitudesmallerthansolid EcD. Thesolid ACDsy:, andACDSyo2 have
0.001%and0.1% of the numberof componentshatthe solid ECDs have on average resp. The physical ®le size of solid
ACDSp:2 andACDSy:02 are0.08%and0.16%of thesizeof thesolid ECDs on averageresp.Notethatthe ECD procesof the
Armadillo modelterminatecearlybecausé requiredmoredisk spacehantheavailable20 GB. Theresultsfor ECD shavn
in Figure 14 are collectedbeforetermination,i.e., they arefor an un®nishedecb, so all componentsre not yet corvex.
Figurel14 alsoshawvsthatthe solid ACD canbecomputedr2 timesfasterthanthesolid ECD. Thesetimesarerepresentatie
of the savingsofferedby solid ACD over ECD.

Althoughthe®le sizeof the surfaceAcDs is not signi®cantlysmallerthanfor the surfaceecp, the surfaceAcDg, and
ACDSy:02 have 0.02%and0.2%of thenumberof componentshatthe ECcb hason average Figure15 shovs thatAcbs only
requirea small constanfactorincreasen the computatiortime over the lineartime surfaceecnp; this is representatie of
therelative costof surfaceacp andecp. Thetablebelov summarizeshesestatistics.

Solid Acps v.s. surface AcCDs. Tablel alsoshaws thatthe size of the solid AcCDs areaboutl.6 timeslargerthanthe
surfaceAcDs dueto thefactthatthe solid ACDs usecut planesto approximatepossiblynon-planarconcae features.

AcDs with or without feature grouping. Figures14 and15 shav thatfeaturegroupingsuccessfullyreduceshe size
of both solid andsurfacedecompositionsin particular we seea slowly increasingsizefor AcDs with featuregroupingas
thevalueof t decrease§.e., asthe corvex approximatiorapproachean exactcorvex decomposition)ln addition,with
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Figure13: Skeletonsextractedfrom the AcD component®f two modelsandtheir deformations D is the graphedit distancefrom the
skeletonof thedeformedmodelto thatof the original model. D, is D without consideringlegree? verticeswhoseinsertionanddeletion
do notchangethetopologyof thegraph.

featuregrouping,AcDs producesstructurallymoremeaningfulcomponents.

8 Discussionand Futur e Work

We have presented framework for decomposing givenpolyhedronof arbitrarygenusinto nearly corvex components.
This providesa mechanisnby which signi®cantfeaturesareremoved andinsigni®cantfeaturescanbe allowed to remain
in the®nal approximatecorvex decompositiofAcD). We have alsodemonstratethatthe Acb framework is e xible — by
simply changingthe decompositioreriterionfrom concaity to corvexity, the ACD canbe usedasa shapedescriptorof the
input model.

Despiteour promisingresults,our currentimplementationhas somelimitations which we plan to addressn future
work, someof which canbe solved without too muchdif®culty. For example,someuncommontypesof opensurfaces
with non-zerogenus,whoseverticeson the corvex hull are all corvex, cannotbe handledcorrectly by the proposed
method. Also, splitting non-linearly separabldeaturesusing a best®t cut plane canstill generatea visually unpleas-
ant decomposition. One possibleway to addresshis problemis to usecurved cut 2planes®. We are also considering
ef®cient alternatvesto shortestpathsfor the concaity measuresuchasusingan adaptvely sampleddistance®eld [11].
Anotherissuethatrequiresfurtherresearchs that our featuregroupingmethodhasdif®culty in

collectinglong featureghathave relatively low concaity. Seethe®gureontheright. Amadilo Dad
Finally, several methodsdevelopedin this paper suchas the bridge/pockt identi®cation, X -

featureextraction, and genusreduction,may have applicationto other problemsin computer _ _~ ~>

graphics.How thesetools canbe appliedto otherareagequiresmoreresearch. /
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A ConvexFacetClustering

As describedn Section4.1, we cluster nearly' coplanarandcontiguouscorvex hull facetsto form bridgepatchesThe
bridgepatchesareselectedsothatthe distancerom all facesn the bridgepatchto the supportingplanewill beguaranteed
to bebelav sometunablethresholde. Our clusteringprocesss composeaf the following two mainsteps:

1. estimatinghe numberk of therequiredbridges,and
2. groupingthe corvex hull facetsinto k clusters.

Thesecondstepcanbe solvedusingLloyd's clusteringalgorithmintroducedn [8].

In the ®rst step, we estimatethe requiredbridge size for a given thresholde by incrementallycreatingbridgesand
assigningcorvex hull facetsto the bridgesuntil all the corvex hull facetsareassignedWe saythata facetcanbeassigned
to a bridgeif the distancebetweerthemis lessthane. Let C(b) be a setof connectedacetsthat canbe assignedo the
bridgeb. Ourestimationprocesss outlinedin Algorithm 2.

B Douglas-Reucker Algorithm

TheDouglas-Peuddr (DP) line approximatioralgorithmis usedto identify knotson a pocket boundaryasmentionedn
Section4.2. Let L bea polygonalchaincomposef n verticesf vi;vo;  ;vng. For agiventhresholdd, the DP algorithm
producesasimpli®cationof L, calledL’. Algorithm 3 outlinesa simpleversionof thealgorithm.A moreef®cientapproach
canbefoundin [12].
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Figure15: Corvex surfacedecompositionTheleftmost gure shavs a resultof the exactdecompositionThe othersareresultsof the
approximatedecomposition.

Algorithm 2 Hp_clusteringtp,e)

Input. A corvex hull Hp andathresholde
Output. Thenumberof bridgesthatcancover THp
1: Let B andK betwo emptysets

2: repeat

3 Let b beafacetof THp thatis notin K
4: B=B[ b
5
6
7

K= K[ C(b) . C(b) arefacetshatcanbeassignedo b
s until K= Hp
: returnthesizeof B

C Pocket Cut Reduction

A poclketr with jn,j knotscanhave O(jn, j2) pocketscutsbut notall of themareinterestingo us. In fact,we only need
to considerO(jn, j) pocketscuts. This reductionis basecon thefollowing obsenation.

Observation C.1 Letn,, bea setof knotson the boundarybetweerr andoneof its neighboringpodetsr;. Pocket cuts
betweeread pair n;; andn;; in r forma non-cossingminimum(weight)bipartite matcing.

We saytwo pocketcutsk, andk? crosseachotherif k9 will becomedisconnectedfterr is separatethy k. Therefore,
we disallowv a knot to connectto morethanoneknot from the sameboundarybut it is allowed to connectto knotsfrom
boundariesf differentneighboringpoclkets. The resultof this restrictionis thatthe pocket cutsbetweentwo boundaries
form a bipartite matchingof their knotsandonly O(jN;j) pocket cutsneedto be consideredvhenconnectingtheminto
globalcuts.

D Convex-hull-basedGenusReduction

We introduceda genusreductionmethodin Section5, which computeshandlecutsfrom a setof bridges(handlecaps)
thatsharea commonpocket. Thisintuition canbeimplementedy applyingthe following to identi®edhandlecuts.

1. Floodingthe polyhedralsurface TP initiated from the projectedboundarief a setof handlecaps. Verticesin a
wavefrontwill propagteto neighboringunoccupiedrertices.
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Algorithm 3 DP(L,d)

Input. A polygonalchain,L = fvi;vo; ;vhg, andthresholdd.

Output. A simpli ed polygonalchainL®
1: Letvg 2 L bethevertex whosedistancedy to theline vivy is largerthanall the otherverticesin P
2: if dy > dthen
3: return 0= f DP({fvi; ;wa.d), v, DPfv; :vng,d)g

2. Loopscanbeextractedby tracingin the backwarddirectionof thepropagtion. For eachpair of handlecapswe keep
ashortestoop thatconnectgheir projectedooundariesif it exists.

3. Let G, beagraphwhoseverticesarethe handlecapsandwhoseedgesarethe discoreredhandlecuts. Cyclesin Gy,
indicatethatthe removal of all discoreredhandlecutswill separatd® into multiple componentsWe canpreventP
from beingsplit by throwing away handlecutssothatno cyclesareformedin Gy,.

4. Checkif the handlecapsstill shareonepocket. If so,repeathe processiescribedabore until theremaininghandle
cutsarefound.
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