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Figure 2: Simultaneous shape decomposition and skeleton
extraction. The set {C;} is a decomposition of the input
model P and initially {C;} = {P}.

uate the quality of the decomposition. If the skeleton is
satisfactory under some user defined criteria, we report the
skeleton and the decomposition as our final results. Oth-
erwise, the components are further decomposed into finer
parts using approximate convex decomposition (ACD) [Lien
and Amato 2006; Lien and Amato 2004], which decomposes
a given component by ‘cutting’ its most concave features.
Figure 2 illustrates this proposed framework and Figure 1
shows an example of the co-evolution process of the shape
decomposition and skeleton extraction.

As we will show, our proposed approach has several ad-
vantages and makes contributions as listed below.

e This recursive refinement strategy generates multi-
resolution skeletons, from coarse to fine levels of detail,

which are useful for some applications.

Divide-and-conquer algorithms which operate on the
decompositions or skeletons can be more efficient be-
cause refinement is applied to the more complex regions
but not to areas with less variation.

The extracted skeleton is invariant under translation,
rotation, and uniform scale, and is not very sensitive to
boundary noise and skeletal deformations.

Our approach does not require any pre-processing, e.g.,
model simplification, or any post-processing, e.g., skele-
ton pruning, which are required by many of the existing
methods, e.g., [Li et al. 2001; Katz and Tal 2003; Wu
et al. 2003].

Our framework is general enough to work for both 2D
polygons and 3D polyhedra.

2 Related Work

Both shape decomposition and skeleton extraction have
been studied for decades and there is a large amount of pre-
vious work. In this review, we concentrate on recent devel-
opments most relevant to our work.

Shape decomposition. Inspired by psychological stud-
ies, such as recognition by components [Biederman 1987] and
the minima rule [Hoffman and Richards 1984; Hoffman and
Singh 1997], methods have been proposed to partition mod-
els at salient features to produce visually meaningful compo-
nents. In pattern recognition, Rom and Medioni [Rom and
Medioni 1994] partition a model into a set of tubular (gener-
alized cylinder) shapes according to their curvature proper-
ties. As a preprocessing step for mesh generation, Sonthi et
al. [Lu et al. 1999] identify closed sets (loops) of edges with
required convexity and use them to decompose a model into
solid parts. However, these methods work best with simple
models with sharp internal angles, such as mechanical parts.
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Methods that are applicable to models with general
shapes also exist. Wu and Levine [Wu and Levine 1997] pro-
pose a partitioning method based on a simulated electrical
charge distribution on the surface of a model. Mangan and
Whitaker [Mangan and Whitaker 1999] and Page et al. [Page
et al. 2003] decompose polygonal meshes by applying water-
shed segmentation with curvature computation. Li et al. [Li
et al. 2001] decompose polygonal meshes at critical points
along skeletons obtained via model simplification. Dey et
al. [Dey et al. 2003] segment a model, in R? or R?, into sta-
ble manifolds, which are collections of Delaunay complexes
of sampled points on the boundary. Katz and Tal [Katz and
Tal 2003] cluster mesh facets into fuzzy regions, carefully
partition facets in those regions, and successfully produce
perceptually clean cuts between decomposed components. A
similar approach using a different clustering technique can
also be found in [Liu and Zhang 2004]. Interactive methods
[Lee et al. 2004; Funkhouser et al. 2004] that identify fea-
tures via human assistance have also been shown to produce
high quality and clean decompositions.

Skeletonization. The Medial Axis (MA), Voronoi dia-
gram, Shock graph and Reeb graph are common skeleton
representations. Although the MA can represent a loss-
less shape descriptor [Blum 1967], it is difficult and expen-
sive to compute accurately in high (> 2) dimensional space
[Culver et al. 2004]. Several ideas for approximating the
MA have been proposed, e.g., using Voronoi diagram, and
its dual Delaunay triangulation [Amenta et al. 2001; Attali
and Lachaud 2001; Dey and Zhao 2002], of densely sam-
pled points from the object boundary. Shock graphs [Sid-
diqi et al. 1998; Cyr and Kimia 2001], another representation
of the MA, encode the formation order and, therefore, the
importance of each part of the MA. Reeb graphs, a type
of 1D skeleton, extracted from various Morse functions, are
a powerful tool for shape matching [Verroust and Lazarus
1999; Shinagawa et al. 1991; Attene et al. 2001; Hilaga et al.
2001]. Since Morse functions are defined on mesh vertices,
re-meshing [Hilaga et al. 2001; Attene et al. 2001] is usually
needed to generate a good (accurate) skeleton.

Several methods have been proposed to extract a skeleton
from the components of a decomposition [Lien and Amato
2006; Katz and Tal 2003]. Skeletons can also be constructed
by simplifying (contracting) a polygonal mesh to line seg-
ments [Li et al. 2001].

Multi-scale and multi-resolution skeletons. Multi-
scale skeletons [Rom and Medioni 1993; Ogniewicz and
Kubler 1995] consist of a set of skeletons, S, ..., Sy, whose
union represents a complete skeleton of the model. Sy is
the most important part of the skeleton, representing global
topology, while Sx encodes local features and is sensitive
to local changes. Multi-resolution skeletons [Hilaga et al.
2001] consist of a set of skeletons, So,..., Sy, that encode
topology at different levels of detail. Sy will have the coars-
est skeleton and Sy will contain the most detailed informa-
tion. This representation is desired for some applications.
For instance, to extract similar items from a 3D database, a
rough skeleton can be used to reject many unlikely models
and incrementally refine the skeleton to get better matches.
As previously mentioned, one of the features of our frame-
work is that its recursive nature results in the construction
of multi-resolution skeletons.

3 Preliminaries

Let P be a polyhedron represented by its boundary 9P
and let Hp be the convex hull of P.



Approximate Convex Decomposition. A set of com-
ponents {C;} is a decomposition of P if their union is P and
all C; are interior disjoint, i.e., {C;} must satisfy:

D(P) = {CZ ‘ UiCi = P and V#‘jC’f OC; = @} 5 (1)
where C° is the open set of C.

A component C is T-approximate convex if C' has con-

cavity less than or equal to a tunable variable 7. We

use concave(C) to denote the concavity measurement of C.
Therefore, the T-approximate convex decomposition of P is:

(2)

We define the concavity of a vertex x of C' as the dis-
tance from z to the convex hull surface of C' and the con-
cavity of C' as the maximum concavity of its vertices, i.e.,
concave(C') = maxzec (concave(z)). ACD iteratively identi-
fies and resolves concave features with maximum concavity.
Figure 3 shows an example of this process. Due to space
limitations, we refer readers to [Lien and Amato 2004; Lien
and Amato 2006] for details regarding ACD, including how
ACD handles models with holes and handles.

ACD,(P) ={C; € D(P) | concave(C;) < 71} .

split

(a) (b) () (d)

Figure 3: (a) The input model. (b) The convex hull of the
input model. The concavity of = is measured as the distance
from z to the convex hull surface. (c) The shading of the
model represents concavity, i.e., darker areas have higher
concavity. (d) The model is decomposed by partitioning at

the high concavity region (indicated by an arrow).

The Principal Axis. Let X be a set of points and ¢
be a line. We define dist(X, £), the distance from X to ¢, as
>y dist(z, ), where € X. Then, the principal axis (PA) of
a set of points X is a line £ such that distance ) , dist(z, ¢)
is minimized over all possible lines x # /.

Algorithm 3.1 SSS(P)

1: S = Ext_Skeleton(P)

2: if Error(P,S) <7 then

3: Report S as P’s skeleton and report P as a component
4: else

5:  {C;} = Decompose(P)

6: For each C € {C;} do return SSS(C)

4 Framework

We propose a framework that simultaneously performs
shape decomposition and skeleton extraction. For a given
polyhedron P, Simultaneous Shape decomposition and
Skeleton extraction (SSS) (see Algorithm 3.1) constructs a
skeleton for the model from (local) skeletons extracted from
each component of a decomposition, evaluates the extracted
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skeleton components, and continues refining the decomposi-
tion and the associated skeleton components until the qual-
ity of the skeleton for each component is satisfactory, e.g.,
the error estimation of the skeleton for the respective com-
ponent is smaller than a tunable threshold 7.

There are three important sub-routines that are required
by Algorithm 3.1: Exzt_Skeleton(P), which extracts a skele-
ton from a component P, Error(P,S), which estimates the
quality of the extracted skeleton, and Decompose(P), which
separates P into sub-components when the extracted skele-
ton is not acceptable. We discuss methods for skeleton ex-
traction Ext_Skeleton(P) in Section 4.1, and methods for
quality measurement Error(P,S) in Section 4.2. Recall that
our choice for the Decompose(P) sub-routine is approximate
convex decomposition.

4.1 Extracting Skeletons

In this section, we discuss two simple methods to extract a
(local) skeleton from a component of a decomposition. These
local skeletons can be connected to form a global skeleton of
the input model. The centroid method is a simple approach
that can result in skeletons that do not represent the shape
of the object. The second method, based on the principal
axis of a component, is slightly more expensive to compute,
but leads to improved skeletons in some cases.

Using Centroids. One of the easiest ways to construct
a skeleton for a component C' (in a decomposition) is to con-
nect the centroids of the openings, called opening centroids,
on OC to the centroid of C'. These openings are generated
when a component is split into sub-components during the
decomposition process,

Several similar methods for extracting skeletons have been
proposed [Lien and Amato 2006; Katz and Tal 2003]. Al-
though this approach is simple and generates fairly good
results one of the major drawbacks of this type of skeleton
is its inability to represent some types of shapes. For exam-
ple, the skeleton of a cross-like model in Figure 4 extracted
using its centroids is only a line segment instead of two cross-
ing line segments. The method described next attempts to
address this problem.

Py

Py

(using centroids) (using the principal axis)
Figure 4: This example shows a problem that arises when
skeletonization is based only on the centroids. Points b and
d are the centers of the openings and a, ¢ and e are the
centers of the components P, P> and Ps, respectively. This
problem can be addressed using the principal axis.

Using the Principal Axis. In this method, we extract
a skeleton from a component C (in a decomposition) using
the principal axis of the convex hull Hc of C. Instead of
connecting the centroids of C’s openings to the center of
mass of C'; we connect these centroids to the principal axis
enclosed in Hc. Figure 5 shows an example of skeletons
constructed in this manner.



Let PA(H¢) be a line through the center of mass of He.
parallel to the principal axis of Hc. Our method connects
an opening centroid to one of the k points on PA(Hc¢)NHe.
These k points, denoted by P, evenly subdivide PA(H¢) N
Hc into k+1 line segments. The selection of the value of k is
based on the desired minimum skeleton link length. Let P’ C
‘P be a set of points to which the opening centroids connect.
Figure 5 illustrates P and P’ with circles along PA(Hc).
Then, the final skeleton S of C' contains line segments that
connect the opening centroids to P’ and line segments that
connect the P’.

To minimize the chance of getting a long skeleton with
many joints, we match the opening centroids to P so that
the cardinality of P’ and the distances from the opening
centroids to P’ are minimized. We solve this optimiza-
tion matching problem using dynamic programming. De-
tails of how we find the optimal solution are discussed in
Appendix A.

In cases where all the points in P’ lie only on one side
of the center of mass ¢ of Hc¢, e.g., P’ in Figure 5(b), line
segments that connect to the points in P’ are not enough to
represent the entire component. In such cases, the skeleton
will connect P’ with the end point of P on the other side
of the center of mass c. Similarly, when P’ contains only c,
the skeleton will connect ¢ with the end points of P on both
sides of ¢, e.g., the skeleton of the component P; in Figure 4
(using the principal axis).

H('

Figure 5: Using the principal axis of the convex hull Hc to
extract a skeleton from a component. Skeletons are shown
in dark thick lines and skeletal joints are shown in dark cir-
cles and ¢ denotes the center of mass of Ho. (a) Opening
centroids are connected to both sides of c¢. (b) Opening cen-
troids are connected to only one side of c.

Figure 6 shows three skeletons: two extracted skeletons
using the centroid and the principal axis methods, and one
skeleton manually generated by a professional animator.
One can see that the skeleton extracted using the princi-
pal axis is topologically more similar to the animator gener-
ated skeleton than the skeleton generated using the centroid
method. In Section 5, we analyze the similarity of these
skeletons using graph edit distance.

4.2 Measuring Skeleton Quality

Although several criteria exist for measuring the quality of
a skeleton, the general principles we adopt are that the skele-
ton should reside in the interior of the model and it should
encode the “topology” of the model’s shape. Thus, using
these general criteria, our strategy to compute the quality of
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(centroids) (principal axis) (manually)
Figure 6: Notice the differences of these skeletons at the

torso, the head, and the fingers.

a skeleton S is to compare S with its associated component
C. In this section, we propose three methods for measuring
quality. This first method checks whether S intersects 0C
and the second method checks the topological representation
of S w.r.t. C. In the third method, we propose an adaptive
measurement based on the volume of the component.

An important property of these three methods is that the
error of the skeleton becomes smaller as the decomposition
becomes finer. This property is justified in Appendix C. Fig-
ure 8 shows extracted skeletons based on these three quality
measurements.

Checking penetration. Our first method measures the
quality of S by checking whether S intersects the component
boundary dC. If so, the function Error(C,S) returns a
large number (larger than the tolerable value 7). Otherwise,
zero will be returned. The consequence is that C will be
decomposed if 9C N S # 0.

As seen in Figure 8, skeletonization using penetration de-
tection stops evolving after a few iterations and does not
produce skeletons that represent the dragon or the bird.

Measuring centeredness. In the second method, we
measure the offsets of S from the level sets of the geodesic
distance map on 0C. The value for each point in this map
is the shortest distance to its closest opening of C'. Ideally,
a skeleton should pass through all connected components in
all level sets. Therefore, this measurement method simply
checks the number of times that S does not do so. An ex-
ample of this measurement is shown in Figure 7.

Let Lc be all the connected components in the level sets
of C'. We define the error of a skeleton S as:

2ene JUeS)

Err(C,S) = o] ,

(3)

where f(lc,S) returns 0 if S intersects component I., and
1 otherwise, and |L¢| is the total number of the connected
components in C'. Details of how we compute the level sets
and f(l¢, S) are discussed in Appendix B.

2 8

skeleton

Figure 7: The error measurement for this skeleton, which
intersects level sets 4, 7 and 8, is 2

8"





















