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A Motion PlanningApproach to Folding:
From Paper Craft to ProteinFolding

Guang Songand Nancy M. Amato

Abstract| In this pap er, we presen t a framew ork
for studying folding problems from a motion plan-
ning persp ectiv e. The version of the motion plan-
ning problem we consider is that of determining
a sequence of motions to transform some con�g-
uration of a foldable ob ject (the start) in to an-
other con�guration (the goal). Mo deling foldable
ob jects as tree-lik e multi-link ob jects allo ws us to
apply motion planning techniques for articulated
ob jects with man y degrees of freedom (man y links)
to folding problems. An imp ortan t feature of this
approac h is that it not only allo ws us to study fold-
abilit y questions, such as, can one ob ject be folded
(or unfolded) in to another ob ject, but it also pro-
vides us with another to ol for in vestigating the dy-
namic folding pro cess itself. The framew ork pro-
posed here has application to traditional motion
planning areas such as automation and animation,
to pap er folding problems studied in computational
geometry , and to computational biology problems
such as protein folding. Preliminary exp erimen tal
results with pap er folding and the folding of small
proteins (appro ximately 60 residues) are quite en-
couraging.

I. Intr oduction

Folding is a very commonprocessin our lives,rang-
ing from the macroscopiclevel { paper folding or gift
wrapping { to the microscopic level { the motion of
molecules,such as protein folding. In most instances,
while onedesiresa particular �nal state to be reached
(e.g., the package is wrapped or the protein's struc-
ture is obtained), the knowledgeof the dynamic fold-
ing processused to reach a particular state is of in-
terest as well. We believe motion planning has great
potential to help us understand many folding related
processes. The motion planning techniques we em-
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Fig. 1. The folded state of a polyhedron - a soccer ball.

ploy in this work are known as probabilistic roadmap
methods(prm s) [33]. They haveprovensuccessin pro-
viding e�cien t coverageof high dimensional planning
spaces. This enables them to provide high quality
motion plans for various problems.

The problem of folding (and unfolding) has been
studied in several application domains. In manufac-
turing processes,products are often packed into car-
tons created by folding 
at sheetsof cardboard [43].
In computational geometry, there are various paper
folding problems [49], such as, given gluing instruc-
tions for a polygon, construct the unique convex poly-
hedron to which it folds (e.g., seeFigure 1). Here we
present a motion planning approach to such folding
problems that is basedon the probabilistic roadmap
method (prm ) for motion planning developed in the
robotics communit y. By designating only a starting
con�guration and a �nal fold, we are able to auto-
matically produce folding sequencesfor paper folding
models,someof which are consideredto be hard 'nar-
row passage'problems in motion planning. Our work
can be usedto createtools for automation and to gen-
erate folding animations. Sinceour technique is prob-
abilistic, it cannot be used to prove that no folding
path exists but it might be used as a tool by com-
putational geometersto investigate the 'bottlenecks'
that prevent folding.

Proteins are fundamental structures of all life forms.
Each protein consists of a sequenceof amino acid
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Fig. 2. A segment of a protein with three amino acids sequentially connected. The atoms within the two big arrows
form oneresidue. Sidechains are represented assmall arrows. The �gure is taken from the IMB Jena Image Library
of Biological Macromoleculesat http://www.imb-jena.de .

Fig. 3. The folded state of protein GB1.

residues (see Figure 2). Each amino acid in a pro-
tein is called a residue becauseit losestwo hydrogen
atoms and one oxygen atom during the formation of
the peptide bond between two adjacent amino acids
in the sequence.A protein, under certain physiologi-
cal conditions, will spontaneously form a close-packed
three-dimensionalstructure, known asthe nativestate
(seeFigure 3), and the processis called protein fold-
ing. A protein's 3D structure is normally referred to
as the tertiary structure, which consistsof somelocal
structure components that are called secondarystruc-
tures. Known secondarystructures include alpha he-
lices, beta strands, turns, and possibly loops. The
protein folding problem has multiple aspects. One
is to predict the native state solely from a protein's

amino acid sequence. (The amino acid sequenceis
known to encode all information necessaryto deter-
mine to the native state structure [6].) Another prob-
lem is to determine the folding sequencesby which a
protein reachesits native state. In this paper, our fo-
cus is on this secondproblem. The importance of un-
derstanding such folding pathways lies in the follow-
ing aspects. First, it can o�er someinsight into how
proteins fold and can help us understand what con-
trols the folding process(mechanism). An improved
understanding will assiststructure prediction and the
investigation of protein function. Second, there are
somediseasessuch asbovine spongiform encephalopa-
thy (Mad Cow disease),which are associated with the
folding and misfolding of proteins [37]. In thesecases,
it is crucial to understand why the misfold occursand
what could prevent it. Third, it is di�cult to cap-
ture folding processesexperimentally since they hap-
pen so quickly. Realistic simulation could enable the
study of these processesand aspects such as inter-
mediate states. In general,computational results can
be usedto augment experimentally obtained informa-
tion to gain a better understanding of the folding pro-
cessand to guide future experiments. In this paper,
we show folding pathways found by our simulations
and validate them with known results from hydrogen-
exchangeexperiments [42].

In this paper we present a novel framework which
can be applied to folding problems in both robotics
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and computational biology. In particular, our ap-
proach to all these folding problems is basedon the
successfulprobabilistic roadmap methods (prm s) [33].
While more complete protein folding study results
have beenpublished in another article [5], in this pa-
per we focus on the technique itself, stressingthe fea-
sibilit y of a generalprm framework for e�cien tly ad-
dressingfolding problems from a variety of domains.

We have selected the prm paradigm due to its
proven successin exploring high-dimensional con�g-
uration spaces.The con�guration space,or C-space,
of a movable object is the spaceconsistingof all possi-
ble positions and orientations of the object. A major
strength of prm s is that they arequite simple to apply,
requiring only the abilit y to randomly generatepoints
in C-spaceand then test them for feasibility. The pro-
tein folding problems have a complication in that the
way in which a protein folds dependson factors other
than the purely geometrical constraints which gov-
ern the polygonal problems. Nevertheless, the prm
framework can incorporate thesefactors by replacing
the collision detection feasibility test with a potential
energy evaluation. Our preliminary experimental re-
sults with traditional paper crafts and the folding of
small proteins with approximately 60 residues(mod-
eled as systemswith about 120 degreesof freedom)
are quite promising. SeeFigures 4 and 5 for some
path snapshots.

We begin in Section I I with an overview of related
work on paper folding and protein folding. Next, in
Section I I I, we describe some preliminaries such as
C-spaceand kinematics for folding objects, and po-
tential energycomputation in protein folding. In Sec-
tion IV, wereview probabilistic roadmapmotion plan-
ning methods and describe how they can be applied
to foldable objects. Our results for paper folding and
protein folding are presented in Section V. We con-
clude with some�nal remarks in Section VI.

I I. Rela ted work

In this section, we �rst survey work that links
robotics with computational biology. We next present
somerelated work on paper folding, packaging, carton
folding and metal bending, and then considerwork on
protein folding.

A. From Robotics to Molecular Modeling

A number of robotics researchershavestudied prob-
lems in computational biology. The following review
is by no meansexhaustive.

Lozano-Perez and coworkers developed a machine

learning program called Compassfor drug design[31]
and a packing algorithm for protein structures with
ambiguous constraints [61]. In their survey paper
[50], Parsonsand Canny described the similarit y be-
tween geometric problems in molecular biology and
robotics. Manocha and colleagues[45], [46] modeled
a molecule as a serial chain and used inverse kine-
matics to solve for structures that had certain con-
straints, e.g., cyclic con�gurations. Chirikjian et al.
[34] developed a method to simulate the transition of
a protein from one conformation to another. Their
approach was purely geometric and might not re
ect
true molecular motion. Donald useda Physical Geo-
metric Algorithm (PGA) approach to study secondary
structure prediction and computer-aided drug design
(see[10] for a review of their work). Kavraki's group
recently usedPrinciple Component Analysis to study
the global collective motion of proteins [60].

The �rst useof prm s to computational biology was
Latombe et al.'s application to the ligand binding
problem [54]. This inspired our own work on this
problem [12]. Latombe'sgroup hasalsorecently stud-
ied protein folding [7], [8]. Their work di�ers from
ours in several aspects. First, in terms of modeling,
they treat entire secondarystructure (helices,strands
etc) as basic rigid elements, which yields models with
with only a few dof (t ypically 5-10 dof). In contrast,
our models, which have 2 dof for each amino acid,
have hundreds of dof. Secondly, while our focus is
on the detailed study of folding pathways, they have
shown that the prm approach is able to produce sim-
ilar stochastic results to Monte Carlo simulation, but
signi�cantly faster. In summary, our work is the �rst
to consider protein folding and the only to deal with
high dof structures.

B. Packaging and Computational Geometry: Paper
Folding

Products are frequently packaged into cartons at
the end of an assembly process. Often 
at sheetsof
cardboard are folded into cartons. This task requires
dexterous manipulation and is usually done by hu-
man operators. Lu and Akella [43] consider a carton
folding problem with �xtures and its application in
packaging and assembly. There are also systemsand
designs that produce three-dimensional metal parts
by bending blank sheets[23], [27]. There is therefore
a need for techniques to generatefolding or bending
sequences.For example, in [53], a systemis described
to automatically generatebending sequencesfor sheet
metal products.
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(a) (b) (c) (d)
Fig. 4. Snapshotsof a box folding.

(a) (b) (c) (d)
Fig. 5. Snapshotsof protein GB1 folding.

Many problems related to the folding and unfold-
ing of polyhedral objects have recently attracted the
attention of the computational geometry communit y
[49]. One class of problems concernsitself with the
constructibilit y of certain polygonal or polyhedral
structures. Several interesting algorithmic questions
related to origami haveattracted the attention of com-
putational geometers, who have obtained some re-
markable results. For example, [24] answers a long-
standing open problem in origami designby showing
that every polygon region (with holes) is the silhou-
ette of some 
at origami. They also show that ev-
ery polyhedron can be `wrapped' by folding a strip
of paper around it, which addressesa question aris-
ing in three-dimensionalorigami, e.g., [1]. There are a
number of other interesting questionsrelated to three-
dimensional polyhedral objects. For instance, can ev-
ery convex polytope's surface be unfolded to a non-
overlapping simple polygon by cutting along its edges
[52]? This problem has application in manufacturing
parts from sheet metal [27]. Real applications are in
fact moreconcernedwith non-convex polyhedra where
results are only known for someparticular classesof
polyhedra [15]. The inverseproblem of folding a poly-
gon into a particular polyhedron has also been stud-
ied, and results have been obtained for somespecial
cases(see,e.g., [44]).

Although the problems discussed above can be
modeled as articulated objects, in most casesorigami

problems cannot be modeled as trees. In particular,
the incident facessurrounding a given face will form
a cycle in the linkage structure. In terms of motion
planning, thesecycles,often called closedchains, im-
poseadditional constraints on the problem (see,e.g.,
[29], [63]). In this paper we are interested in problems
with tree-like linkage structures. i.e., objects whose
linkage structures do not contain cycles. Although
one might suspect this requirement signi�cantly re-
ducesthe complexity, there are in fact somevery dif-
�cult problems with this property. For example, it is
still an open problem to determine whether a simple
polygonal chain in the plane can be straightened in
such a manner so that all intermediate con�gurations
aresimple (edgesintersect only at vertices) [39]. How-
ever, it has recently been shown that not every tree-
like linkage in the plane can be `straightened' (called
`locking'), that is, there are somepairs of con�gura-
tions of the linkagewhich cannot be connectedif the
links are not allowed to cross [14]. In three dimen-
sions,it hasrecently beenshown that there exist open
(and closed) chains that can lock [14], [18], which is
relevant to the protein folding problem. Finally, in
dimensionshigher than three, it has recently beenes-
tablished that neither open nor closedchains can lock
[19].

The randomized motion planning approach we ad-
vocate hereis somewhatdi�eren t in nature to the pre-
vious approachesusedto study theseproblems in the



SONG AND AMA TO: A MOTION PLANNING APPR OACH TO FOLDING : : : 5

computational geometrycommunit y. In particular, as
the methods we employ are not complete (i.e., they
are not guaranteed to �nd a solution if one exists),
they cannot be used to de�nitiv ely answer a particu-
lar foldabilit y question. However, our methods might
provide theorists with a valuable tool for understand-
ing and isolating the di�cult y (the `bottleneck') of a
particular folding problem, which might lead to in-
sights neededto obtain further theoretical results.

C. Computational Biology: Protein Folding and Fold-
ing Pathways

Proteins are the building materials for all life forms.
A protein's functions are strongly related to its three-
dimensional structure which, in turn, is determined
by the protein's amino acid sequence,the so-called
primary structure of the protein. The spontaneous
protein folding processesare critical in the function-
ing of all life forms, which makes understanding the
mechanism of protein folding one of the most impor-
tant problems in biology.

The fact that a protein's three-dimensional struc-
ture is determined by its amino acid sequencewas
�rst demonstrated in An�nsen's pioneering work [6].
Since then, many di�eren t approaches for predicting
protein structure have been explored (see [57] for a
review). A general, comprehensive answer is still un-
known due to the intrinsic complexity of the prob-
lem. In folding simulations, several computational ap-
proaches have been applied to this exponential-time
problem (see [51] and referencestherein), including
energy minimization [41], [59], molecular dynamics
simulation [40], Monte Carlo methods [20], [35], and
genetic algorithms [17], [58]. Among these, molecu-
lar dynamics is most closely related to our approach.
Much work has been carried out in this area [22],
[25], [28], [40], which tries to simulate the dynam-
ics of the folding processusing the classicalNewton's
equations of motion. The forces applied are usually
approximations computed using the �rst derivative of
an empirical potential function. The advantage of us-
ing molecular dynamics is that it helpsus understand
how proteins fold in nature. It also provides a way
to study the underlying folding mechanism, to inves-
tigate folding pathways, and can provide intermediate
folding states. However, the simulations required for
this approach arecomputationally very intensive. The
simulation result also depends heavily on the start
conformation and can easily result in local minima.

Despite the abundant work in this area,most of the
proposedtechniques have tremendous computational

requirements becausethey attempt to simulate com-
plex kinetics and thermodynamics. There is not much
work explicitly focusing on determining the folding
pathways to a known native fold. In this paper, we
present an alternativ e approach that �nds approxima-
tions to the folding pathways while avoiding detailed
simulations. Advantages of our prm -basedapproach
are that it e�cien tly covers a large portion of the
planning space,and that it also provides an e�ectiv e
way to incorporate and study various initial conforma-
tions. Our initial resultsshow that the strengthsprm s
have shown for traditional motion planning problems
apply to the protein folding processas well.

I I I. Preliminaries

A. C-spaces of folding objects

The paper polygon and the protein's amino acid se-
quencecan both be modeledasmulti-link tree-like ar-
ticulated `robots', wherefold positions (polygon edges
or atomic bonds) correspond to joints and areasthat
cannot fold (polygon faces or atoms) correspond to
links. The fold positions of the paper polygon are
modeled as revolute joints. For protein molecules,we
adopt a commonapproach and treat the atomic bond
lengths and bond angles as constants, and consider
only the torsional anglesof the main chain which is
known as the backbone(seeFigure 2). Therefore, our
protein modelsconsistof n+ 1 links connectedin series
by n revolute joints.

The joint angle of a revolute joint takes on values
in [0; 2� ), with the angle 2� equated to 0, which is
naturally associated with a unit circle in the plane,
denoted by S1. Therefore, a con�gur ation of a tree-
like articulated object can be speci�ed by a vector
of n joint angles. That is, the con�guration space
of interest for our multi-link objects for paper and
protein folding can be expressedas:

C = f q j q 2 S1 � S1 � � � � � S1g (1)

where there are n copiesof S1. For paper folding, n
is the number of folding joints of the tree-like paper
model. For proteins, sincewe assigneach amino acid
two degreesof freedom(i.e., the phi and psi torsional
angles),n = 2(k � 1), wherek is the number of amino
acids. (The �rst and last rotational dofs do not con-
tribute.)

Note that C simply denotes the set of all possible
con�gurations, but says nothing about their feasibil-
it y. The validit y of a point in C will be determined
by collision detection for the polygon models and by
potential energycomputations for proteins.
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B. Kinematics of folding objects
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Fig. 6. The generalkinematic structure of a tree-like linked
robot.

One complication we deal with in our models is
that the kinematics of our tree-like structures are
more complex and arbitrary than the serial linkages
generally dealt with in the robotics literature where
nice closed-formsolutions can often be obtained. To
address this issue, we decouple the speci�cation of
the link's referenceframe from its joint speci�cations,
which results in a more general formulation that can
be applied to arbitrary tree-like linkages. Similar ap-
proaches for branching linkageswere studied and ap-
plied to carton folding [5], [43], [56]and moleculemod-
eling [5], [56], [64].

To specify the connectionbetweeneach pair of links,
Denavit-Harten berg (DH) notation is adopted [21].
The kinematics of each link (e.g., its position and ori-
entation) can then be computed in a systematic way.
In Craig [21], formulae are given for calculating the
kinematics for serial linkages(such as most industrial
robots). However, thesecannot be directly applied to
our tree-like models sinceeach link can have multiple
forward links. This is becauseeach link's body frame
(local referenceframe) is determined by the locations
of two adjacent joints and the system cannot accom-
modate more joints using the convention in [21]. We
solve this problem as follows [55] (seeFigure 6).
� For each link i , we set a body frame Fi , which is
independent of any joint connections. Usually, we
choose the center of mass as the origin of the body
frame.
� For a joint that links body i and j , we useDH no-
tation to de�ne the transformation generatedby this
joint connection. To expressthis, we assign a `DH-
frame' to body i and to j , denotedby DH i and DH j ,
respectively, and then use DH parameters to specify

the connection between DH i and DH j . (In general,
the DH-frames are di�eren t from the body frames.)
� To get the transformation from Fi to Fj , we �rst do
the transformation from Fi to DH i , then to DH j , and
�nally to Fj .

The advantageof this approach is that a link's body
frame and its joint speci�cations are decoupled,which
enables the independent representation of each link
and the speci�cation of the connection structure of
the system. The approach is thus very general and
easily applicable to any tree-like linked structure. A
similar approach by Zhang and Kavraki was exten-
sively studied in [64].

B.1 Protein Structure Parameters

Using this model, the structure of a protein can
be expressedasa sequenceof phi/psi anglepairs with
proper DH parameters. To get the DH parameters,we
�rst extract a protein's native structure from the Pro-
tein Data Bank (PDB), which providescoordinates for
all atoms in the native state. From thesecoordinates,
onecan determine the bond lengths and bond angles,
both assumedrigid in our model, sincewe know which
pairs of atoms are supposed to bond together. We
note that their lengths and anglesmay vary slightly
from one residue to another, and from one protein
to another. Once we have this bonded structure, we
can easily deducethe DH parameters,as we do for a
robot arm. The native state's phi/psi anglescan be
obtained in the sameway. This way, we are able to
generaterealistic con�gurations, e.g., the native state
structure in our model is identical with that in PDB.

C. Potential energy computations

As previously mentioned, there is oneimportant dif-
ferencebetweenpackagingor paper folding and molec-
ular motion (protein folding). Instead of avoiding col-
lision and having good clearanceas is the norm in the
robotics or automation world, molecules live under
the in
uence of potential (or molecular interactions).
As a result, proteins search for the most energetically
feasible folding pathways when folding. In the ab-
stract world of prm s this di�erence is hidden in the
feasibility checking of the prm nodesand edges.

The way in which the protein folds dependson the
potential energy of the con�gurations (often called
conformations). During the con�guration generation
stage, we reject all nodes whose potential energy is
above some pre{determined maximum value, Emax .
The potential energy is also neededto simulate the
protein folding process,to discover the folding path-
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ways, and to determine if a path is energetically feasi-
ble. For potential energycalculations, we start with:

Utot =
X

constr aints

K df [(di � d0)2 + d2
c]1=2 � dcg

+
X

atom pair s

(A=r 12
ij � B =r6

ij ); (2)

which is similar to the potential usedin [40]. The �rst
term represents constraints which favor the known
secondary structure through main-chain hydrogen
bondsand disulphide bonds. The parameter K d is set
to 100 KJ/mol, and the distancesare d0 = dc = 2�A,
and di is the separationbetweena pair of atoms which
form a hydrogen bond or a disulphide bond in the na-
tiv e state. The secondterm corresponds to the van
der Waals interaction among the atoms. The param-
eters for the van der Waals interaction can be found
in [5], which encodes a strong preferencefor interac-
tions between oxygen and hydrogen atoms. (For a
more detailed description of our potential, see[5].) In
addition, hydrophobic interaction is also included. It
helps to implicitly re
ect the solvent e�ect through
interactions amonghydrophobic residueseven though
solvent is not explicitly modeled. Brie
y , we assign
a hydrophobicity value of 1 to all hydrophobic amino
acid residues, and 0 to the others. When the side
chains (modeled as spheres)of any two hydrophobic
amino acids come within a distance of Rh , the po-
tential is decreasedby Eh . In our case,we set Rh =
6 �A and Eh = 20K J=M ol. Its contribution is rela-
tiv ely small when the protein is in a denatured state.
However, it becomesa relatively major component as
comparedto other terms (e.g., hydrogenbonds) when
the protein starts to pack into the �nal tertiary struc-
ture.

However, even for relatively small proteins (around
60 residues),there will be nearly one thousand atoms
and non-hydrogenatomsalsonumber in the hundreds.
Therefore, performing all pairwise van der Waals po-
tential calculations (the second summation) can be
computationally intensive. To reducethis cost, weuse
a step function approximation of the van der Waals
potential component. This is computed by consid-
ering only the contribution from the side chains and
modeling each side chain with a �xed-size sphere (a
further approximation). The side chain was chosen
becauseit re
ects the geometric con�guration of a
residue. By doing this, the computational cost is re-
duced by two orders of magnitude. Our results indi-
cate that enoughaccuracy is retained to capture the
main features of the interaction in the proteins we

study.

IV. PRMs f or Fold able Objects

As mentioned in SectionI, our approach is basedon
the prm approach to motion planning [33]. Brie
y ,
prm s work by sampling points `randomly' from C-
space, and retaining those that satisfy certain fea-
sibilit y requirements (e.g., they must correspond to
collision-free con�gurations of the movable object).
Then, these points are connected to form a graph,
or roadmap, using some simple planning method to
connect `nearby' points. During query processing,
paths connecting the start and goal con�gurations
are extracted from the roadmap using standard graph
search techniques (seeFigure 7).

A major strength of prm s is that they arequite sim-
ple to apply, even for problemswith high-dimensional
con�guration spaces,requiring only the abilit y to ran-
domly generatepoints in C-space,and then test them
for feasibility (the local connection can often be ef-
fected using multiple applications of the feasibility
test).

The folding problemshave a few notable di�erences
from usual prm applications. First, as our problems
are not posedin an environment containing external
obstacles, the only collision constraint we impose is
that our con�gurations be self-collisionfree. For com-
putational biology problems, our preferencefor low
energyconformationsleadsto an additional constraint
on the feasibleconformations. Second,in prm appli-
cations, it is usually consideredsu�cien t to �nd any
feasible path connecting the start and goal. For our
folding problems, however, we are interested not only
in whether a path exists, but we are also interested
in the quality of the path. For example, for the pa-
per folding problems,oneis interestedin a path which
makesa minimal number of folds, and for protein fold-
ing we are interested in low energypaths.

A. Node generation

As described in Section I I I-A, since all joints are
revolute, a con�guration q 2 Ccanbegeneratedby as-
signing each joint anglea value in its allowable range.
Once all the joint anglesare set, the object's three-
dimensional structure is fully determined.

For paper folding, the con�guration of each link is
then calculated and self-collision among the links is
checked. The node is discardedif any collision occurs.

For the protein molecular model, after the joint an-
gles are known, the coordinates of each atom in the
system are calculated, and theseare then usedto de-
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Fig. 7. A prm roadmap in C-space. A prm roadmap: (a) after node generation, (b) after the connection phase,and
(c) using it to solve a query.

termine the potential energy of the conformation, as
described in Section I I I-C. The node is acceptedand
added to the roadmap basedon its potential energy
E with the following probabilit y:

P(E) =

8
><

>:

1 if E < Emin
Emax � E

Emax � Emin
if Emin � E � Emax

0 if E > Emax

(3)

This �ltering helps us to generatemore nodes in low
energy regions, which is desirable since we are inter-
estedin �nding the pathways that areenergeticallyfa-
vorable (low energy). This is similar to the approach
taken by Singh et al. for protein/ligand binding [54].
In our case, we set Emin = 50000 KJouls/mol and
Emax = 89000 KJouls/mol. Emax is set to discard
high energynodes(con�gurations that have steric col-
lisions), yet is still big enoughfor the extendedcon�g-
uration to be connectedto the roadmap. Therefore,
it is chosento be around the energy of the extended
con�guration. Emin is chosen smaller than Emax to
avoid a sharp cut o�. For the proteins studied here,
the criterion �ltered out about 85% of the nodes.

For protein folding, due to the high dimensional-
it y of the conformation space, simple uniform sam-
pling would have to be very denseto cover the confor-
mation spacesu�cien tly to reliably characterize the
important featuresof the potential energy landscape.
We designa sampling strategy biasedaround the na-
tiv e fold with the goal of characterizing the potential
landscape leading to the native fold. In particular,
we selecta set of normal distributions around the na-
tiv e fold and sample from these distributions. The
set of standard deviations (STDs) we use in the re-
sults presented here is f 5� , 10� , 20� , 40� , 80� , 160� g.
The small STDs capture the detail around the goal,
while the larger STDs ensureadequateroadmap cov-
erageof the conformation space. Our simulation re-

sults presented in Section V show that this Gaussian
sampling strategy is very useful. Another variant of
the method targeting node generation for larger pro-
teins (with more than 100 residues)can be found in
[4]. In short, it iterativ ely usesnewly generatednodes
as seeds(in contrast to using only the native state)
for the next round of node sampling. Similar biased
sampling strategies have been applied successfullyin
robotics applications [3], [16], [29], [30], [32], [38], [62],
where oversampling in and near narrow passagesin
C-spaceis crucial for someproblems. In recent work,
Baker et al. [2], [11] and Mu~noz and Eaton [48] also
use knowledge of the topology of the native state to
predict the folding rates and mechanismsof somepro-
teins.

B. Constructing the roadmap

The secondphaseof the algorithm is roadmap con-
nection. For each node, we �rst �nd its k nearest
neighbors among all the generatednodes (using Eu-
clidean distance in C-space),for somesmall constant
k, and then try to connect it to them using some
simple local planner. The value k is chosen heuris-
tically , e.g., we found k = 20 gave us su�cien t con-
nectivit y in the roadmap. For both the paper folding
and protein folding models, each connection attempt
performs feasibility checks for the intermediate con-
�gurations between the two corresponding nodes as
determined by the chosenlocal planner (the number
of such con�gurations is, e.g., the resolution used for
collision detection, which may be set by the user). If
there are still multiple connectedcomponents in the
roadmap after this stage(which is generally the case,
and in fact is sometimesunavoidable, see,e.g., [14],
[18]), then other techniques can be applied to try to
connect di�eren t connected components (see [3] for
details).
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When two nodes q1 and q2 are connected by the
local planner, the corresponding edge is added to
the roadmap. We associate a weight with each edge
(q1; q2). For paper folding, the weight is simply N + 1,
whereN is the number of intermediate con�gurations
on the edge. For protein folding, the weight is com-
puted by examining the sequenceof conformations
f q1 = c0; c1; c2; : : : ; cN ; cN +1 = q2g on the straight line
in Cconnectingq1 and q2. For each pair of consecutive
conformations ci and ci +1 , the probabilit y Pi of mov-
ing from ci to ci +1 dependson the di�erence between
their potential energies� E i = E(ci +1 ) � E (ci ).

Pi =

(
e

� � E i
k T if � E i > 0

1 if � E i � 0
(4)

This keepsthe detailed balancebetweentwo adjacent
states, and enablesthe weight of an edgew(q1; q2) to
be computed asshown in Eq. 5 by summing the loga-
rithms of the probabilities for all pairs of consecutive
conformations in the sequence.(Negativesof the logs
are usedsinceeach 0 � Pi � 1.)

w(q1; q2) =
NX

i =0

� log(Pi ) (5)

By assigningthe weights in this manner, we can �nd
the most energetically feasible path in our roadmap
when performing queries. A similar weight function,
with di�eren t probabilities, was usedin [54].

C. `Querying' the roadmap

The resulting roadmap can be used to �nd a feasi-
ble path betweengiven start and goal con�gurations.
Usually, attempts are made to connect the start and
the goal con�gurations to the same connected com-
ponent of the roadmap. If this succeeds,a path is
returned, otherwise failure is reported. For our fold-
ing problems, it is convenient to actually connect the
start and the goal into the roadmap, just aswasdone
for the other roadmap nodesin the connectionphase.
Dijkstra's algorithm is then used to �nd the smallest
weight path betweenthe start and goalcon�gurations.
Another alternativ e for choosing the shortest path for
paper folding is to select the path that minimizes the
number of folds, i.e., which assignsa weight of one to
each roadmap edge. For protein folding, if the poten-
tial of some intermediate node is too large (as com-
pared to somepredetermined maximum), a failure is
reported, otherwise the path is returned. Note that
the path we thus �nd is almost certainly not the most

energetically feasiblepath, but it is best oneavailable
in the roadmap, which is constructed to approximate
the energy landscape. The accuracy of this approx-
imation will improve as the size of the roadmap in-
creases.

V. Resul ts and Discussion

We now describe results for paper folding and
protein folding obtained using our prm -based ap-
proach. In this paper we can only show snap-
shots for the folding paths; movies can be found at
http://parasol.tamu.edu/ .

Our prm software library provides many node gen-
eration strategies. For the paper folding problems we
usedthe obstacle-basedprm called obprm [3], which
generatesnodes near constraint surfaces(C-obstacle
surfaces). For protein folding, the results presented
follow the basic prm approach [33] of uniform sam-
pling in C-spacewheresampling is biasedtowards the
native state as described in the previous section. We
used the RAPID [26] package for 3D collision detec-
tion. The experiments were performed on a Pentium
I I I 550 MHz PC.

A. Paper Folding

We study four paper folding models: box (Fig 4),
polyhedron (Fig 8), soccer ball (Fig 9), and periscope
(Fig 10). The periscope has11 degreesof freedom(11
joints) and the box has 12. However, for the box, the
number of dof can be reducedto �v e using symmetry
arguments. Both foldings are non-trivial, and in fact,
correspond to what areknown asdi�cult `narrow pas-
sage' motion planning problems [30] in the region of
the C-spacewhere the polygonal 
aps fold over each
other. The polyhedron and soccer ball models are
much easier even though they have more degreesof
freedom,25 and 31, respectively.

A.1 Paper Folding Results

Somestatistics regarding the roadmapsconstructed
for the paper folding problems are shown in Ta-
ble I. As can be seen, in all casesthe problems
were solved rather quickly using obprm with rela-
tiv ely small roadmaps in a few seconds. Snapshots
of the folding paths found are shown in Figures 4, 8,
9 and 10 for the box, the polyhedron, the soccer ball
and the periscope, respectively.

B. Protein Folding

We present results for two small proteins. Pro-
tein GB1 (streptococcal protein G, immunoglobulin-
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(a) (b) (c)
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(d)
Fig. 8. Snapshotsof a polyhedron folding.

(a) (b) (c) (d)
Fig. 9. Snapshotsof the folding of a soccer ball model.

(a) (b) (c) (d)
Fig. 10. Snapshotsof a periscope folding.

Paper Folding Roadmap Construction Statistics
Mo del Di�cult y dof Gen (s) Con (s) #CC #No des #NbigCC

Polyhedron easy 25 2.0 0.71 2 10 9
Soccer ball easy 31 4.7 1.4 9 10 2

Box hard 12(5) 2.0 0.83 3 218 216
Periscope hard 11 0.79 5.2 1 450 450

TABLE I
Roadmap construction statistics for all the paper folding models. The Box has 12 links, but its dof becomes5 after

symmetry is exploited. `Gen' and `Con' represent node generation and connection times in seconds,resp. #No desand
#CC, #NbigCC are the number of nodesand connectedcomponents and nodes in the biggest connectedcomponents,
resp., in the resulting roadmapsthat solve all folding queriesfrom 
at con�guration to fully folding con�guration as

shown in the Figures.

binding domain B1) has 56 residues (112 dof) and
consistsof one alpha helix and one four-strand beta
sheet. Protein A (Staphylococcus Aureus Protein A,
immunoglobulin-binding B domain) has 60 residues

(120 dof) and consists of three alpha helices. The
pdb �les used for the proteins were 1GB1.pdb and
1BDD.pdb, respectively, from the Protein Data Bank
[13] at http://www.rcsb.org/pdb/ . Both structures
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have beendetermined by NMR experiments.

B.1 Validating Protein Folding Pathways

For the protein folding pathways found by our prm
framework to be useful, we must �nd someway to val-
idate them with known results. Even though the fold-
ing pathways provided by prm s cannot be explicitly
associated with actual timesteps, they do provide us
with a temporal ordering. Therefore, we could study
the intermediate or transition states on the pathway,
and the order in which they are obtained, or the for-
mation order of secondarystructures.

Folding intermediates have beenan active research
area over the last few years. It is thought that some,
but not all, proteins go through intermediate statesto
reach the native conformation, see,e.g., [47]. There-
fore, one possibility is to compare our folding path-
ways with experimental results known about fold-
ing intermediates. If the prm technique is shown
to be successfulin determining intermediate states,
then this approach could prove to be a valuable tool
for studying protein structure formation for proteins
whosenative structures are known.

The formation order of secondarystructures is re-
lated to a fundamental question in protein folding:
do secondarystructures always form before the ter-
tiary structure, or is tertiary structure formed in a
one-stagetransition? In this paper, we focus on val-
idating our folding pathways by comparing the order
in which the secondarystructures form in our paths
to partial results known for somesmall proteins that
have been determined by pulse labeling and native
state out-exchangeexperiments [42].

B.2 Protein Folding Results

Somestatistics regarding the roadmapsconstructed
for the protein folding problemsare shown in Table I I.
We provided the goal conformations(nativ e state) be-
forehand, and then searched in the roadmap for the
minimum weight path connectingthe extendedamino
acid chain (the straight con�guration with all phi/psi
angles equal to 180) to the �nal three-dimensional
structure. Note that we could chooseconformations
other than the extended chain as starting conforma-
tions and analyze the folding paths from them to the
native state as well. A more rigorous analysis with
this in mind was carried out in [5]. In this paper,
we use only the extended conformation as the start-
ing con�guration. This is an approximation which
is used mainly to demonstrate the feasibility of our
framework in studying protein folding and is reason-

able only for very small proteins. More rigorous anal-
ysis (especially for larger proteins) should consider
multiple starting conformations as this is how pro-
teins fold in nature. Furthermore, although there are
many pathways between the extended conformation
and the native structure, here we analyze only the
minimum weight path, which is the energeticallymost
feasible path in our roadmap as determined by our
weight function.

Snapshotsof folding paths found by our planner for
protein GB1 and protein A are shown in Figure 5 and
Figure 11, respectively.

Validation of folding path ways. Protein GB1
has56 residues(112 dofs), and consistsof a central al-
pha helix and a four-strand beta sheetformed by two
� -hairpins. Experimental results [36] indicate that the
alpha helix and the � -turn of the secondhairpin form
�rst and are protected during hydrogen-deuteriumex-
changes. This was consistent with the path found by
our method. For example, from the snapshotsshown
in Figure 5, one can seethat the alpha helix in the
middle forms �rst.

Protein A has 60 residues(120 dofs), and consists
of three alpha helices. The pulse labeling results [9]
show that the three alpha helices form at about the
sametime. Here again as seenin the example path
snapshotsin Figure 11, our paths are consistent with
theseresults.

In [5], we analyze secondary structure formation
order more formally and obtain similar results. In
general, the formation order of the secondarystruc-
tures on our paths agreeswith known experimental
results. Thus, while further investigation and tuning
of the prm technique for proteins is still needed,our
preliminary �ndings show that this motion planning
approach is a potentially valuable tool. For example,
it could be usedto study the secondarystructure for-
mation order for proteins where this has not yet been
determined experimentally .

Analyzing folding path ways. By analyzing the
paths found, we may be able to gain some insight
into the natural folding process. Towards this end,
we analyzed the pro�les of the potential energiesof
the intermediate conformations on the folding paths.
This is shown for folding paths for proteins GB1 and
A in Figure 12(a) and 12(b), respectively. We expect
that as the number of nodes sampled increases(the
sampling is denser),our roadmapswill contain better
and better approximations of the natural folding path.
Our results support this belief, and moreover, show
that it should be possibleto estimate how many nodes
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Protein Folding Roadmap Construction Statistics
Mo del dof Gen Con #N sam #N BigCC #edges Query #N path
Protein 112 60 703 500 499 6263 13 6

GB1 241 3020 2000 1998 25681 50 9
1226 21941 10000 9997 130774 394 6

Protein 120 90 750 500 497 6148 16 9
A 362 3246 2000 1990 25044 57 8

1765 22768 10000 9975 127854 357 7

TABLE I I
Roadmap construction statistics for Protein GB1 and Protein A. `Gen', `Con' and 'Query' represent the node

generation, connection and query times in seconds,resp. `#N sam' is the number of samplednodes. `#N BigCC' is
the number of the nodes in the biggest connectedcomponent of the roadmap, `#edges' is the total number of edges,

and `#N path' is the number of roadmap nodes in the �nal folding path.

(a) (b) (c) (d)
Fig. 11. Snapshotsof protein A folding.
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Fig. 12. Potential along the minimum weight folding path shown for each intermediate con�guration on the path (`tick')
for di�eren t sizedroadmaps. (a) Protein GB1 and (b) Protein A, roadmapswith N = 500; 2000; 10000nodes(top
to bottom). Ticks are the number incremental conformations or interpolation con�gurations. For protein G, one
possiblereasonfor the decreaseof the number of ticks asN increasesmay be due to the fact shorter paths are found
for bigger roadmaps.

should be sampled. In particular, we can seein the
plots that as the total number of roadmap nodes N
increases,the paths seemto improve in quality, and
have fewer and smaller peaksin their pro�les.

Another interesting point is the similarit y among

the paths for all roadmap sizes. In particular, they all
illustrate that there is a peak (or peaks)near the goal
conformation. Someresearchers believe such energy
barriers around a native state contribute to stabilit y
of the fold. Also, the pro�les clearly show that the
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peak(s) right before the �nal fold are contributed by
the van der Waalsinteraction, which is consistent with
the tight packing of atoms in the native fold. The
similarit y among these paths also implies that they
may sharesomecommonconformations, or subpaths,
and this knowledgecould beusedto bias our sampling
around theseregions,hopefully further improving the
quality of the paths.

VI. Conclusion and Future Work

In this paper, we present a framework for study-
ing problemsrelated to foldable objects in various ap-
plications from a motion planning perspective. Our
approach, which is based on the prm motion plan-
ning technique, was seen to produce interesting re-
sults for representativ e problems in paper folding
and protein folding. One of the most important
bene�ts of this approach is that it enables one to
study the dynamic folding process itself. Unfortu-
nately, it is di�cult to appreciatethis from path snap-
shots displayed in a paper (movies can be viewed at
http://parasol.tamu.edu/ ). We believe that our
results establish that this is a promising approach
which deservesfurther investigation.

In terms of future work, it would be interesting to
extend the current work on paper folding to include
the motions of the actuating robots. Our work here is
a �rst step toward that goal. As for protein folding,
we are currently working on larger proteins (100-150
amino acids) and are integrating an all-atom potential
(the most accurate potential computation available)
into our code.
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